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There  is  a possible  connection  between  structure  in  evolved  circumstellar  disks 
and  the  presence  of  planets,  our  own  zodiacal  cloud  being  a proven  example.  Asym- 
metries in  such  a disk  could  be  diagnostic  of  planets  which  would  be  otherwise  unde- 
tectable. Using  COBE  DIRBE  observations,  we  link  structure  in  the  zodiacal  cloud, 
namely  the  warp  and  offset  of  the  cloud,  to  the  presence  of  planets  using  secular 
perturbation  theory.  In  addition,  we  obtain  supplementary  ISO  observations  and 
determine  a scale  factor  for  the  data  which  we  apply  to  calibrate  the  data  to  the 
observed  COBE  brightness. 

A Kuiper  dust  disk  will  have  a resonant  structure,  with  two  concentrations 
in  brightness  along  the  ecliptic  longitude  arising  because  10-15%  of  the  Kuiper  belt 
objects  are  in  the  3:2  mean  motion  resonance  with  Neptune.  We  run  numerical 
integrations  of  particles  originating  from  source  bodies  trapped  in  the  3:2  resonance 
and  we  determine  what  percentage  of  particles  remain  in  the  resonance  for  a variety 
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of  particle  and  source  body  sizes.  The  dynamical  evolution  of  the  particles  is  followed 
from  source  to  sink  with  Poynting-Robertson  light  drag,  solar  wind  drag,  radiation 
pressure,  the  Lorentz  force,  neutral  interstellar  gas  drag,  and  the  effects  of  planetary 
gravitational  perturbations  included. 

We  then  conduct  an  observational  search  in  the  60  fim  COBE  data  for  the 
Kuiper  disk,  which  is  predicted  to  be,  at  most,  a few  percent  of  the  brightness  of 
the  zodiacal  cloud.  By  removing  emission  due  to  the  background  zodiacal  cloud  and 
the  dust  bands,  we  expect  to  see  the  trailing/leading  signature  of  Earth’s  resonant 
ring.  However,  when  subtracted  from  the  data,  we  find  that  none  of  the  empirical 
background  zodiacal  cloud  models  give  the  residuals  predicted  by  theory.  We  conclude 
that  a dynamical  two-component  (both  inner  and  outer)  zodiacal  cloud  model  must 
be  created  to  complete  the  search. 

Lastly,  we  extend  our  work  outside  the  solar  system  and  obtain  upper  limits  on 
the  flux  around  ten  Vega-type  stars  using  the  Sub-millimeter  Telescope  Observatory 
in  the  870  /im  and  1300  ^m  wave  bands,  which  will  be  used  to  determine  the  most 
promising  candidates  for  future  observations. 
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CHAPTER  1 
INTRODUCTION 


Launched  in  1983,  the  Infrared  Astronomical  Satellite  (IRAS)  detected  excess 
far-infrared  emission  from  more  than  15%  of  all  nearby  main  sequence  A-K  stars,  in- 
dicating the  presence  of  circumstellar  dust  clouds  (Backman  and  Paresce  1993,  Elachi 
et  al.  1996).  Our  solar  system  is  believed  to  have  evolved  out  of  a gravitationally 
collapsed  disk  of  material  which  coalesced  into  planetesimals  and,  over  time,  planets. 
The  gravitational  presence  of  the  massive  planet  Jupiter  increased  relative  velocities 
of  planetesimals  in  its  vicinity,  preventing  them  from  aggregating  into  planets,  and 
instead  forming  the  asteroid  belt.  In  the  outer  solar  system,  beyond  the  orbit  of 
Neptune,  lies  the  Kuiper  belt,  home  to  some  of  the  most  primitive  objects  in  the 
solar  system.  Located  at  approximately  30  to  50  AU,  it  is  also  the  proposed  source 
of  short-period  comets  (Jewitt  1999).  The  Kuiper  belt  was  formed  either  because 
planet  formation  at  that  heliocentric  distance  did  not  occur  due  to  the  low  density  of 
planetesimals  and  the  long  encounter  time  scale  and/or  planetesimals  were  displaced 
into  the  region  due  to  perturbing  encounters  with  Uranus  and  Neptune  (Backman 
and  Paresce  1993). 

In  the  inner  solar  system,  collisions  between  asteroids  supply  dust  particles  to 
the  sun’s  inner  dust  disk,  the  zodiacal  cloud.  The  zodiacal  cloud  has  several  different 
sources  of  material:  asteroidal  and  cometary  particles,  interstellar  grains  to  a lesser 
extent,  and  possibly  dust  from  the  Kuiper  belt  (Dermott  et  al.  1994a,  Liou  et  al. 
1995,  Dermott  et  al.  1996a,  Grogan  et  al.  1996,  and  Liou  et  al.  1996).  As  Kuiper  belt 
Objects  (KBOs)  continue  to  be  found,  the  existence  of  a Kuiper  dust  disk  having  an 
equilibrium  grain  population  orbiting  at  30  to  50  AU  has  been  postulated  (Backman 
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et  al.  1995).  The  circumstellar  material  detected  by  IRAS  around  other  stars  is  most 
analogous  to  the  Kuiper  disk  (Backman  and  Paresce  1993).  A Kuiper  disk  would 
most  likely  have  a resonant  structure,  with  two  concentrations  in  brightness  along 
the  ecliptic  longitude.  This  large  scale  structure  arises  because  10-15%  of  the  Kuiper 
belt  objects,  the  Plutinos,  are  in  the  3:2  mean  motion  resonance  with  Neptune  (Jewitt 
1999,  Malhotra  1995). 

In  either  disk  component,  the  orbit  of  a particle  can  be  described  by  a set 
of  six  osculating  elements:  the  semi-major  axis  (a),  eccentricity  (e),  inclination  (/), 
longitude  of  ascending  node  (fl),  the  longitude  of  pericenter  (u)),  and  the  mean  lon- 
gitude (A).  In  low-order  secular  perturbation  theory,  the  classical  method  used  to 
study  the  long  term  orbital  evolution  of  both  planets  and  dust  particles  in  the  solar 
system  assuming  the  eccentricities  and  inclinations  are  low,  osculating  elements  are 
decomposed  into  proper  elements,  which  depend  on  initial  conditions,  and  forced 
elements,  which  are  imposed  on  the  particle’s  orbit  by  the  gravitational  perturba- 
tions of  the  planets.  This  theory  can  be  applied  even  in  the  presence  of  drag  forces 
(Dermott  et  al.  1992,  Kortenkamp  1996).  Consequently,  we  can  show  that  the  orbits 
of  dust  particles  in  a circumstellar  cloud  are  directly  affected  by  the  planets  there- 
in. It  is  possible  to  extend  the  preceding  argument  to  other  evolved  solar  systems 
and  theorize  that  there  is  a connection  between  evolved  circumstellar  disks  and  the 
presence  of  planets  and/or  planetesimals  in  the  system  (Backman  and  Paresce  1993, 
Dermott  et  al.  1999b). 

At  least  three  different  types  of  asymmetries  can  serve  to  indicate  bodies  or- 
biting a star  in  a disk:  1)  a warp  in  the  plane  of  symmetry  of  the  disk  due  to  the 
variation  of  the  forced  inclinations  of  the  particles  with  respect  to  their  astrocentric 
distances  (Dermott  et  al.  1999a,  Dermott  et  al.  1999b),  2)  an  offset  in  the  center  of 
symmetry  of  the  disk  with  respect  to  the  central  star  due  to  forced  eccentricities  of 
the  dust  particles  (Holmes  et  al.  1998),  and  3)  density  enhancements  in  the  plane  of 
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the  disk  due  to  resonant  trapping  of  dust  particles  (Dermott  et  al.  1994b,  Jayara- 
man  1995).  All  three  of  the  above  asymmetries  have  been  identified  in  our  own  solar 
system  from  the  analysis  of  infrared  satellite  data  from  IRAS  and  the  Cosmic  Back- 
ground Explorer  (COBE).  In  this  dissertation,  we  study  these  asymmetries  in  three 
different  ways:  observationally,  through  the  analysis  of  space  craft  data  from  IRAS, 
COBE,  and  the  Infrared  Space  Observatory  (ISO),  theoretically  by  the  construction 
of  dynamical  models,  and  numerically  using  computer  simulations. 

1.1  Observations 

IRAS  was  operated  in  four  wave  bands;  12,  25,  60,  and  100  /xm.  Though  not 
the  focus  of  this  thesis,  IRAS  data  is  used  as  a comparison  to  the  ground-based  obser- 
vational results  obtained  in  Chapter  6.  The  Diffuse  Infrared  Background  Experiment 
(DIRBE)  on  the  COBE  spacecraft  was  designed  to  search  for  the  cosmic  infrared 
background,  diffuse  infrared  radiation  originating  from  outside  of  the  Milky  Way 
galaxy.  COBE  DIRBE  operated  for  10  months  from  December  11,  1989  to  Septem- 
ber 21,  1990  in  10  photometric  wave  bands  at  1.25,  2.2,  3.5,  4.9,  12,  25,  60,  100,  140, 
and  240  fim  (Hauser  et  al.  1998).  COBE  data  is  the  main  focus  of  this  thesis  and  is 
discussed  in  Chapter  3,  4,  and  5.  Launched  in  1995,  the  Infrared  Space  Observatory 
(ISO)  observed  the  universe  at  infrared  wavelengths  from  2.5  to  240  /im  with  four 
different  instruments:  ISOCAM,  an  infrared  camera  (2.5  - 17  fJ,m),  ISOPHOT,  an 
imaging  photopolarimeter  (2.5  - 240  /im),  ISO-LWS,  a long  wavelength  spectrometer 
(43  - 196.7  iim),  and  ISO-SWS,  a short  wavelength  spectrometer  (2.38  to  45.2  //m). 
Scientific  operations  on  ISO  lasted  from  Eebruary  1996  to  April  1998.  We  present  re- 
sults obtained  using  ISO  data  in  Chapter  3 and  compare  them  to  COBE  data.  Lastly, 
in  Chapter  6,  ground-based  observations  of  candidate  planetary  debris  disks  using 
the  Heinrich  Hertz  Telescope  (HHT)  of  the  Sub-millimeter  Telescope  Observatory 
(SMTO)  in  the  870  and  1300  /xm  wave  bands  are  presented. 
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1.2  Dynamical  Models  of  Circumstellar  Dust  Disks 

In  the  most  general  case,  models  are  based  on  the  theory  of  dust  particle 
capture  into  mean  motion  resonances  in  the  presence  of  drag  forces  (Weidenschilling 
and  Jackson  1993)  and  the  theory  of  secular  perturbations,  the  classical  method 
used  to  study  the  long  term  orbital  evolution  of  both  planets  and  minor  planets  in 
planetary  systems.  The  dynamical  evolution  of  the  particles  is  followed  from  source 
to  sink  with  Poynting  Robertson  light  drag  (PR  drag),  solar  wind  drag,  radiation 
pressure,  and  the  effects  of  planetary  gravitational  perturbations  included.  Based  on 
these  effects,  a set  of  orbits  is  generated  for  the  particles  in  the  disk.  The  models  are 
built  by  distributing  the  orbits  of  the  particles  through  a three  dimensional  array  of 
cells.  A Line  of  Sight  Integrator  allows  a model  to  be  viewed  as  it  would  appear  to 
an  Earth-based  observer  in  a given  wave  band  at  a specified  distance.  The  brightness 
along  the  line  of  sight  is  calculated  assuming  the  particles  are  spheres  of  a given 
diameter  which  are  composed  of  a specified  material  (such  as  astronomical  silicate) . 
The  model  can  be  convolved  with  a beam  size  or  pixel  size  to  simulate  how  an 
observation  would  appear  to  a specific  telescope  or  space  craft. 

We  create  models  of  warped  disks  and  discuss  our  results  in  Chapter  3 and 
models  of  a resonant  ring  in  the  Kuiper  disk  are  presented  in  Chapter  4.  Chapter  5 
focuses  on  the  subtraction  of  dynamical  models  of  the  dust  bands  and  Earth’s  res- 
onant ring,  developed  by  Grogan  et  al.  (2001)  and  Jayaraman  (1995),  respectively, 
from  the  COBE  data  to  search  for  the  resonant  signature  of  the  Kuiper  disk.  We 
also  develop  some  trial  background  zodiacal  cloud  models  in  this  chapter,  but  we  find 
that  further  development  of  a background  zodiacal  cloud  model  is  needed. 

1.3  Numerical  Integrations 

We  use  the  numerical  integrator  RADAU  (Everhart  1989)  to  study  the  evo- 
lution of  particles  in  resonance.  RADAU  is  a very  accurate  integration  code  which 
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employs  the  Runge-Kutta  method  with  Gauss-Radau  spacings.  RADAU  is  also  very 
flexible,  allowing  the  introduction  of  additional  forces.  Most  of  our  runs  have  249 
particles,  giving  an  accuracy  in  the  estimate  of  the  number  of  particles  in  resonance 
of  ~ y/Nr/Nr,  whcrc  Nr  is  the  number  of  particles  in  resonance.  In  order  to  decrease 
the  error,  we  increase  the  total  number  of  particles  to  1017  for  a small  number  of  runs. 
Our  integrations  are  run  for  250,000  years  and  the  orbital  elements  of  the  particles 
are  output  every  100  years.  The  integrator  includes  Poynting-Robertson  drag,  solar 
wind  drag,  radiation  pressure,  and  the  effects  of  the  gravitational  perturbations  of 
seven  planets  (Mercury  and  Pluto  are  excluded).  In  addition,  we  also  consider  the 
effect  of  the  Lorentz  force  and  the  effect  of  neutral  interstellar  gas  drag  in  certain 
runs.  The  numerical  simulations  and  their  analytical  interpretation  are  discussed  in 
Chapter  4. 


1.4  Objective  of  this  Dissertation 

The  objective  of  this  dissertation  is  to  study  the  connection  between  structure 
in  circumstellar  disks  and  the  presence  of  planets,  focusing  on  asymmetries  in  the 
zodiacal  cloud  and  the  Kuiper  disk.  Chapter  2 will  cover  introductory  material, 
namely  a brief  overview  of  secular  perturbation  theory,  mean  motion  resonances, 
and  a discussion  of  the  forces  on  a dust  particle.  Structure  in  the  zodiacal  cloud, 
namely  the  warp  and  offset  of  the  cloud,  are  linked  to  the  presence  of  planets  in  this 
dissertation  using  secular  perturbation  theory.  CORE  observations  of  the  warp  and 
CORE  and  ISO  observations  of  the  offset  and  are  discussed  in  Chapter  3. 

Resonant  structure  in  the  hypothetical  Kuiper  disk  is  discussed  at  length  in 
Chapters  4 and  5.  In  Chapter  4,  we  present  the  results  of  one  of  the  first  detailed 
studies  of  the  resonant  structure  in  the  Kuiper  disk.  In  the  other  prominent  trap- 
ping study  by  Liou  and  Zook  (1999),  particles  were  initially  located  outside  the  3:2 
resonance  and  allowed  to  evolve  in  to  the  resonance  by  means  of  Poynting-Robertson 
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drag.  In  contrast,  in  this  dissertation  the  particles  are  generated  by  bodies  already 
inhabiting  the  3:2  mean  motion  resonance,  which  is  a more  likely  scenario.  The 
dynamical  evolution  of  the  particles  in  the  disk  is  followed  from  source  to  sink  with 
Poynting-Robertson  light  drag,  solar  wind  drag,  radiation  pressure,  the  Lorentz  force, 
neutral  interstellar  gas  drag,  and  the  effects  of  planetary  gravitational  perturbations 
included.  None  of  the  published  studies  to  date  have  included  both  the  Lorentz  force 
and  the  effect  of  neutral  interstellar  gas  drag,  which  are  important  for  the  region  of 
the  Kuiper  belt.  From  our  numerical  integrations,  we  determine  what  percentage  of 
particles  remain  in  the  3:2  resonance  for  a variety  of  particle  and  source  body  sizes. 

In  Chapter  5,  we  conduct  a search  in  the  COBE  data  for  far-infrared  emission 
from  the  postulated  Kuiper  dust  disk,  which  is  predicted  to  be,  at  most,  a few 
percent  of  the  brightness  of  the  zodiacal  cloud  from  COBE  upper  limits  (Dermott  et 
al.  1999,  Backman  et  al.  1995).  An  accurate  model  of  the  warm  background  zodiacal 
component  must  be  subtracted  from  the  COBE  data,  possibly  leaving  residuals  due 
to  the  cold  Kuiper  disk  which  could  be  viewed  at  wavelengths  > 60/xm.  Kelsall  et 
al.  (1998)  claim  to  have  such  a model  of  the  total  zodiacal  cloud  which  includes  the 
dust  bands,  the  background  zodiacal  cloud,  and  the  resonant  ring.  However,  all  of 
these  models  have  fatal  flaws,  making  the  objective  of  obtaining  accurate  residuals 
which  may  contain  the  signature  of  the  Kuiper  disk  presently  unattainable.  Our 
conclusion  is  that  all  of  the  Kelsall  et  al.  (1998)  zodiacal  cloud  models  must  be 
replaced  with  dynamical  models.  We  are  able  to  use  two  dynamical  models:  the 
dust  band  model  (Grogan  et  al.  2001)  and  the  resonant  ring  model  (Jayaraman 
et  al.  1995).  However,  the  most  important  model,  the  background  zodiacal  cloud 
model,  is  still  incomplete,  mainly  because  an  accurate  background  zodiacal  cloud 
model  necessitates  the  inclusion  of  large  particles  (100  - 500  /rm),  the  dynamics 
of  which  are  relatively  unknown  and  in  need  of  further  study.  We  conclude  that 
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a dynamical  two-component  (both  inner  and  outer)  zodiacal  cloud  model  must  be 
created  to  complete  the  search  for  the  resonant  signature  of  the  Kuiper  disk. 

In  an  effort  to  connect  our  work  on  the  zodiacal  cloud  and  the  Kuiper  belt  with 
dust  disks  around  other  potential  exo-solar  systems,  we  undertake  a survey  of  nearby 
Sun-like  stars  in  the  sub-millimeter  regime  and  present  our  results  in  Chapter  6.  We 
obtain  upper  limits  on  the  flux  around  ten  Vega-type  stars  using  the  Sub-millimeter 
Telescope  Observatory  in  the  870  /xm  and  1300  /xm  wave  bands,  which  will  be  used  to 
determine  the  most  promising  candidates  for  future  observations.  Finally,  the  conclu- 
sions of  this  dissertation  and  recommended  future  work  are  discussed  in  Chapter  7. 


CHAPTER  2 

DYNAMICS  OF  DUST  IN  CIRCUMSTELLAR  DISKS 

A body,  such  as  an  asteroid  or  dust  particle,  orbiting  a star  possessing  a 
planetary  system  is  subject  to  three  types  of  gravitational  perturbations  due  to  plan- 
ets in  the  system:  long-period  or  secular  perturbations,  resonant  perturbations,  and 
gravitational  scattering  by  the  planets.  In  addition,  for  dust  particles  < 500-1000 
Hm  in  diameter,  non-gravitational  forces  must  also  be  considered.  This  chapter 
addresses  secular  perturbations  and  resonant  perturbations  as  well  as  several  non- 
gravitational  forces:  radiation  pressure,  Poynting-Robertson  light  drag,  solar  wind 
drag,  the  Lorentz  force,  and  neutral  interstellar  gas  drag.  Different  combination- 
s of  these  forces  are  included  in  the  dynamical  models  and  numerical  integrations 
throughout  this  thesis.  The  Yarkovsky  force  and  the  effect  of  collisions  are  also 
briefly  discussed  but  are  not  included  in  the  models. 

2.1  Forces  on  a Dust  Particle 

The  orbit  of  a particle  or  a planet  can  be  described  by  a set  of  six  osculating 
elements:  the  semi-major  axis  (a),  eccentricity  (e),  inclination  of  the  orbit  to  a ref- 
erence plane  (/),  longitude  of  ascending  node  (D),  longitude  of  pericenter  {u),  and 
the  mean  longitude  (A).  The  forces  below  are  calculated  for  the  case  of  the  solar 
system,  but  it  is  trivial  to  derive  expressions  for  an  exo-solar  system  case.  In  gener- 
al, forces  on  a dust  particle  can  be  separated  into  two  categories:  gravitational  and 
non-gravitational  forces.  The  gravitational  forces  will  be  discussed  in  more  detail  in 
subsequent  sections  on  secular  perturbation  theory  and  mean  motion  resonances. 
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2.1.1  Gravity 


The  force  of  gravity,  Fgrav,  can  be  written  as 


F = 

^ grav 


GMm 


(2.1) 


where  G = 6.67  x 10“^^  N m^/kg^  is  the  gravitational  constant,  M is  the  mass  of 
the  Sun  (M©  = 1.99  x 10^°  kg)  or,  in  general,  the  central  star,  r is  the  heliocentric 
distance  and  m is  the  mass  of  an  individual  dust  particle.  For  a spherical  particle 
with  radius  s and  density  p in  cgs  units,  the  force  of  gravity  can  be  written  as 


F = 

^ gray 


Atts^P  GM  , 


3 


-r. 


(2.2) 


In  addition,  there  are  several  non-gravitational  forces  on  particles  that  must 
be  taken  into  account:  radiation  pressure,  Poynting  Robertson  light  drag,  solar  wind 
corpuscular  drag,  the  Lorentz  force,  and  the  effects  of  neutral  interstellar  gas  drag. 
Another  drag  force,  the  Yarkovsky  effect,  typically  only  affects  large  bodies  on  the 
order  of  a meter  in  diameter.  Since  our  studies  only  encompass  small  micron  sized 
particles,  we  can  omit  the  Yarkovsky  effect  from  the  following  discussion. 


2.1.2  Radiation  Pressure 

Particles  are  affected  by  photons  streaming  out  from  the  Sun.  These  photons 
act  on  the  particles,  producing  a repulsive  force  known  as  the  radiation  pressure  force, 
Frad- 

F,^  = (2.3) 

r^c 

where  So  = 1-36  x 10®  ergs  cm“^  sec~^  is  the  solar  constant,  A is  the  geometrical  cross 
section  of  the  particle,  Qpr  is  the  efficiency  factor  for  radiation  pressure,  r is  radial 
distance  from  the  Sun  and  c is  the  speed  of  light  (Burns  et  al.  1979,  Gustafson  1994). 
A dimensionless  quantity,  /5,  is  used  to  describe  radiation  pressure.  It  is  defined  as 
the  ratio  of  the  radiation  pressure  force  to  the  force  of  gravity:  (5  = Frad! Fgrav  Using 
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equations  2.2  and  2.3,  d can  be  written 


/5  = 


5.7  X IQ-^Qpr 


(2.4) 


ps 

where  Qpr  is  averaged  over  the  solar  spectrum  (Burns  et  al.  1979).  Assuming  a 
constant  density  and  a value  for  Qpr  (usually  calculated  from  Mie  theory),  a value 
for  P can  be  calculated  for  a given  particle  size.  If  we  combine  the  forces  of  gravity 
and  radiation  pressure,  the  resulting  total  force  on  the  particle  is 


pZ 

which  means  that  when  a particle  is  acted  upon  by  radiation  pressure,  it  “feels”  a 
less  massive  sun  by  a factor  of  (1  - /3). 


2.1.3  Poynting  Robertson  Light  Drag 

When  a particle  absorbs  incident  radiation  from  the  Sun,  it  re-radiates  it 
isotropically  in  the  particle’s  rest  frame.  However,  since  the  particle  is  moving  with 
respect  to  the  Sun,  according  to  special  relativity  the  particle  does  not  re-radiate  the 
energy  flux  isotropically  in  the  rest  frame  of  the  Sun.  The  particle  re-radiates  more 
energy  in  the  direction  of  its  velocity  than  in  the  opposite  direction,  causing  a loss  of 
momentum.  Since  the  mass  of  the  particle  is  constant,  this  loss  of  momentum  trans- 
lates into  a deceleration  of  the  particle,  resulting  in  a net  drag  on  the  particle.  The 
drag  effect  is  referred  to  as  Poynting  Robertson  light  drag  (Poynting  1903,  Robertson 
1937,  Burns  et  al.  1979).  The  loss  of  momentum  causes  the  particle  to  move  to  a 
lower  orbit,  resulting  in  the  particle  slowly  spiraling  into  the  Sun  over  a period  of 
time  called  the  Poynting  Robertson  drag  lifetime  (Burns  et  al.  1979).  The  PR  drag 
lifetime  is  denoted  by 

1/0  r spa? 

^ [3  X 10-4  <Qpr> 

where  Lq  and  L*  are  the  luminosities  of  the  Sun  and  the  star  which  the  particle  is 
orbiting,  respectively,  Tpr  is  given  in  years,  the  particle  radius,  s,  is  in  microns,  the 


(2.6) 
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particle  density,  p,  is  in  g/cm^  and  the  particle  semi-major  axis,  a,  is  in  AU  (Roques 
et  al.  1994).  In  the  geometrical  optics  case,  < Qpr  >,  the  radiation  pressure  efficiency 
factor  can  be  set  equal  to  one  for  particles  with  radii  > 1 p.m  (Burns  et  al.  1979). 
To  the  first  order  in  v/c,  the  total  radiation  force  (radiation  pressure  force  combined 
with  Poynting  Robertson  light  drag)  acting  on  a spherical  particle  is 


FgravlP  Ir  - (2r/c)f  - {r6/c)9 


(2.7) 


where  the  unit  vector  $ is  normal  to  r in  the  orbital  plane  (Burns  et  al.  1979,  Klacka 
1992,  Gustafson  1994).  The  first  term  is  the  radiation  pressure  force  already  discussed 
above.  The  second  term  is  due  to  the  Doppler  shift.  Both  the  second  and  third  terms 
are  what  is  known  as  Poynting  Robertson  light  drag,  or  PR  drag.  The  change  in 
orbital  elements  due  to  PR  drag  can  be  calculated.  Since  PR  drag  is  a radial  force, 
the  inclination  and  the  ascending  node  are  not  affected  and  the  change  in  longitude 
of  perihelion  is  negligible  for  small  eccentricities.  The  equations  for  da/dt  and  de/dt, 
the  changes  in  semi-major  axis  and  eccentricity  with  respect  to  time,  were  originally 
derived  by  Robertson  (1937),  then  later  by  Wyatt  and  Whipple  (1950),  and  finally 
and  more  completely  by  Burns  et  al.  (1979)  using  special  relativity  transformations. 
Presented  here  are  the  equations  in  the  form  given  by  Wyatt  and  Whipple  (1950): 


da  aprP  (2  -|-  3e^) 

dt  a (1  — 

de  ^otpr^  e 

dt  2a^  (1  — 


(2.8) 

(2.9) 

(2.10) 


where  apr  = GM/c.  Combining  equations  2.8  and  2.9  gives  the  change  in  eccentricity 
corresponding  to  a change  in  semi-major  axis 


de  5e  (1  — e^) 
d^  ~ ^(2  + 3e2)’ 


(2.11) 
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2.1.4  Solar  Wind  Corpuscular  Drag 


Another  non-gravitational  force  acting  on  dust  particles  is  the  force  due  to 
solar  wind  corpuscular  drag,  which  is  caused  by  solar  wind  protons  streaming 
out  from  the  Sun  and  impacting  the  particles  in  their  paths.  is  analogous  to 
the  total  radiation  force  given  in  equation  2.7.  We  can  define  a ^aw  to  be  equal  to 
Fsw/Fgrav  Taking  Vsw  to  be  the  solar  wind  speed,  we  can  write  the  solar  wind  force 


as 


(2.12) 


which  has  the  same  form  as  equation  2.7  (Gustafson  1994).  We  can  approximate  the 
solar  wind  drag  force  as  being  roughly  1/3  the  value  of  the  total  radiation  force  given 
in  equation  2.7 


2.1.5  Lorentz  Force 


Interplanetary  dust  particles  are  charged  and  as  a result  are  coupled  to  the 
solar  wind  driven  interplanetary  magnetic  field.  The  particles  acquire  a charge  by 
a variety  of  methods:  photo-emission  of  electrons  from  the  absorption  of  ultraviolet 
(UV)  solar  radiation  and  the  accretion  of  solar  wind  electrons  and  solar  wind  protons 
which  are  in  the  path  of  the  dust  particles.  It  is  predicted  that  under  normal  con- 
ditions, photo-emission  dominates  over  the  accretion  of  solar  wind  particles,  giving 
the  dust  particles  a net  positive  potential,  t/,  of  ~ 5 F (Goertz  1989,  Gustafson 
1994).  This  potential  is  independent  of  distance  since  solar  wind  density  follows  an 
approximate  1/r^  decrease  in  density  (Leinert  and  Griin  1990),  and  it  corresponds  to 
a charge  q=47reo  [/  s on  a spherical  particle  where  Co  = 8.859  x 10“^^  C m~^.  The 
electromagnetic  force  exerted  on  the  particle  by  the  interplanetary  magnetic  field,  B, 
can  be  written  as 


Fl  = qv  X B 


(2.13) 
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where  v,  the  velocity  with  respect  to  this  field,  can  be  broken  down  into  components 
fig,  the  heliocentric  velocity  of  the  particle,  and  the  solar  wind  velocity: 

Fl  = q{vg  X B - X B)  (2-14) 


This  is  the  classical  representation  of  the  Lorentz  Force.  The  second  term  in  the  above 
equation  is  independent  of  the  particle’s  motion  and  can  be  viewed  as  resulting  from 
an  induced  electric  field.  Gustafson  and  Misconi  (1979)  and  more  recently  Grogan  et 
al.  (1996)  modeled  the  magnetic  field,  utilizing  the  expanding  solar  corona  model  of 
the  solar  magnetic  field  (Parker  1958).  In  Parker’s  model,  the  gas  flowing  outward 
from  the  solar  corona  draws  out  the  solar  magnetic  field  lines  as  the  Sun  rotates,  so 
that  close  to  the  Sun  the  field  is  approximately  radial,  but  farther  from  the  sun  the 
field  lines  form  an  Archimedean  spiral  (Grogan  et  al.  1996,  Gustafson  1994).  In  the 
following  equations,  is  the  magnetic  field  strength  at  some  reference  distance,  b 
{Bo  ~ 3 nT),  u)  is  the  angular  velocity  of  the  Sun  {cu  ~ 2.7  x 10  ®),  r is  radial  distance 
from  the  Sun,  (j)  is  the  azimuth  angle,  and  9 is  the  heliocentric  colatitude  angle.  The 
solar  wind  velocity,  Vsw,  is  taken  to  be  400  km/s. 


Br 

Btj, 

Be 


J.2 

—BoUjb‘^{r  — b)sin{9) 
Vswr'^ 

0 


(2.15) 

(2.16) 
(2.17) 


The  above  equations  are  derived  using  the  velocity  of  the  gas  flowing  out  from  the 
sun,  V,  where  Vr  — Vsw)  '^4>  = ^{f  ~ b)sin{9),  and  ve  — 0 (Parker  1958). 

2.1.6  Neutral  Interstellar  Gag  Drag 

This  last  force,  while  small  in  magnitude,  acts  from  a specific  direction  and 
can  cause  noticeable  effects  on  the  orbits  of  dust  particles  over  a large  period  of  time. 
The  solar  system  inhabits  a “Local  Bubble”  in  the  local  interstellar  medium  (LISM) 
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consisting  of  hot  plasma  (10®  K)  of  very  low  density  (5  x 10“^  cm“^)  that  spans 
roughly  100  parsecs  (pc).  It  is  thought  that  this  void  was  created  by  a supernova 
explosion  (Gehrels  and  Chen  1993,  Griin  et  al.  1994).  Within  the  Local  Bubble  lies 
the  “Local  Fluff” , consisting  of  several  clouds  a few  pc  wide  having  higher  densities 
and  cooler  temperatures  than  those  of  the  Local  Bubble,  and  within  the  Local  Fluff 
lies  our  solar  system.  The  cloud  in  which  the  Sun  resides  has  a temperature  of 
10'*  K and  a density  of  0.1  H atoms  cm“®  (Bertin  et  al.  1993,  Griin  et  al.  1994).  The 
interaction  of  the  solar  wind  with  the  LISM  causes  a cavity  to  form  which  extends  out 
to  approximately  100  AU  and  is  termed  the  heliosphere.  Inside  the  heliosphere  only 
neutral  gas  atoms,  primarily  hydrogen,  reach  the  planetary  system  since  interstellar 
ions  are  removed  from  the  solar  system  by  the  solar  wind  (Geiss  et  al.  1994,  Gloeckler 
et  al.  1993,  Griin  et  al.  1994). 

The  Ulysses  spacecraft  has  detected  a stream  of  interstellar  helium,  a tracer 
of  hydrogen,  originating  from  an  ecliptic  longitude  of  252°  and  an  ecliptic  latitude  of 
+2.5°  moving  with  a speed  of  26  km/s  (Witte  et  al.  1993,  Griin  et  al.  1994),  which 
is  in  good  agreement  with  direction  of  motion  of  the  local  cloud  in  which  the  Sun 
is  embedded  with  respect  to  the  solar  system  (Bertin  et  al.  1993).  These  neutral 
gas  atoms  can  collide  with  dust  grains  in  the  solar  system,  causing  a change  in  the 
momentum  of  the  dust  particles.  While  the  effects  of  one  collision  are  negligible,  over 
a period  of  time  repeated  collisions  have  the  potential  to  alter  the  orbital  elements 
of  the  dust  particle  significantly  (Gustafson  personal  communication,  Scherer  2000). 

For  a spherical  dust  grain  with  radius,  s,  mass,  m,  and  velocity,  v,  the  drag 
force,  Fh,  on  the  dust  particle  due  to  collisions  with  neutral  interstellar  hydrogen 
particles  of  mass,  m^/,  moving  with  a velocity,  vh,  can  be  written  as 

FH  — —NmHUU  (2.18) 

where  u = v — vh,  u = \v  — VH\^  u is  the  unit  vector  in  the  u direction,  and  N,  the 
average  number  of  collisions  of  hydrogen  atoms  on  a dust  particle  of  collisional  cross 
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sectional  area,  a,  per  unit  time  is  defined  as 


N = nH<yuCo  (2.19) 

where  n//  is  the  number  density  of  hydrogen  atoms,  a = tts^  where  s is  the  radius 
of  the  dust  particle,  and  Co  is  the  free  molecular  drag  coefficient  due  to  hydrogen 
atoms  in  a Maxwellian  velocity  distribution  of  temperature  Th  impacting  a spherical 
dust  particle  (Gustafson  personal  communication,  Scherer  2000),  where  Th  ~ 8000/T. 
Substituting  equation  2.19  into  equation  2.18  gives 

Fh  = —uht^  mH\v  — vh\^  Cdu  (2.20) 


where  the  numerical  values  of  the  constants  are  as  follows:  uh  = 0.1  H atoms/cm^, 
s is  a range  of  sizes  which  will  be  discussed  in  Chapter  A,  mn  = 1.675  x 10“^'*  g, 
the  particle  velocity,  u,  is  calculated  at  each  time  step  in  numerical  integrations,  vh 
is  26  km/s,  and  C^,  which  is  a unitless  constant  defined  below,  is  ~ 1-2  (Gustafson 
personal  communication).  Co  can  be  written 


^ 252  + 1 45^  + 452-1 

Cd  - e * + er/(5) 


254 


(2.21) 


+ 


2(1  -£)y/?  /T,\ 

35  \ThJ 


1/2 


1 + Yh 


m 


rriH, 


(2.22) 


where  the  Mach  number  5 = (10  < 5 < 15)  and  the  sound  speed  ch  = 


yj2kTn /mn-  Th  is  the  temperature  of  the  hydrogen  atoms,  T^  is  the  temperature  of 
the  dust  grains,  k is  Boltzmann’s  constant,  and  erf{S)  is  the  error  function  which 
can  be  assumed  to  equal  1 (Gustafson  1994,  Scherer  2000).  The  third  term  in  e- 
quation  2.22  takes  into  account  the  specular  reflection  of  the  hydrogen  atoms  {s  is 
the  fraction  of  the  atoms  which  are  specularly  reflected)  and  sputtering,  the  process 
by  which  a dust  grain  is  eroded  by  hydrogen  atoms  striking  its  surface.  If  Yp,  the 
sputtering  yield,  is  equal  to  zero  (i.e.,  in  the  no  sputtering  case)  and  T^  <^Th,  then 
the  third  term  can  be  neglected  (Gustafson  1994),  which  is  the  case  considered  in 
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this  dissertation.  Then,  equation  2.22  can  be  written  in  such  a way  as  to  include 
an  adsorption  or  sticking  factor  ^ (1  < ^ < 2)  which  describes  the  type  of  collision 
considered: 


C 


D 


25^  + 1 45^  + 452-1 

e * + erf{S) 


(2.23) 


2S^ 

A ^ of  1 corresponds  to  either  specular  or  diffuse  collisions  and  1 < ^ < 2 corresponds 
to  adsorption  (Scherer  2000).  When  ^ is  2,  equation  2.23,  is  equivalent  to  the  first 
two  terms  of  equation  2.22.  The  value  of  Co  varies  with  the  type  of  collision  which  is 
assumed  to  occur,  so  in  this  dissertation  a range  of  values  will  be  used:  C/j  = 1 and 
Cd  = 2.  Detailed  analysis  and  the  results  of  numerical  integrations  of  dust  particles 
will  be  presented  in  Chapter  4. 


2.1.7  Other  Processes:  The  Yarkovsky  Effect  and  Collisions 
The  Yarkovsky  Force 

The  Yarkovsky  effect  is  due  to  the  non-uniform  heating  of  a rotating  dust 
grain.  The  warm  evening  side  of  the  grain  radiates  more  thermal  energy  than  the  cool 
morning  side  of  the  grain.  In  the  large  particle  approximation  (Burns  et  al.  1979), 
which  applies  to  particles  with  diameters  larger  than  ~ 3.4  [xm,  the  Yarkovsky  force, 
Fy,  on  a particle  with  heat  capacity,  C,  density,  p,  and  thermal  conductivity,  K,  is 
expressed  as  the  ratio  of  the  Yarkovsky  force  to  the  force  due  to  PR  drag,  PpP 

^ ^ W ^/Psin^ 

Fpr  ^ ’ 

where  VP  is  a constant  given  by  Burns  et  al.  (1979):  W = 1.31  x 10^  ergs  AU  sec~^ 
cm~'^.  The  spin  period  of  the  particle  is  P and  it  is  assumed  that  the  particle 
spins  about  an  axis  that  makes  an  angle  ^ to  the  solar  direction  (Gustafson  1994). 
According  to  Gustafson  (1994),  for  a 20  pm  diameter  dust  grain  at  r AU,  ~ r 
10“^  AU.  It  is  not  until  we  reach  particles  of  ~ 2 cm  in  diameter  that  ~ 1 for 
an  r of  1 AU.  For  the  small  particles  considered  in  this  thesis  (<  100  /im),  we  can 
neglect  the  Yarkovsky  force. 


17 


Collisions 


Collisions  between  dust  particles  will  also  affect  some  dust  particles.  For 
small  particles  (<  100  /rm)  in  the  asteroid  belt,  collisions  are  not  important  since 
their  collisional  lifetimes  are  much  longer  than  their  PR  drag  lifetimes.  Leinert  and 
Griin  (1990)  estimate  the  average  impact  speed  between  two  dust  particles  as 


< v{r)  >=  Vo 


ro 


-0.5 


(2.25) 


where  Vq  = 20  km/s  at  Tq  = 1 AU.  The  rate  C{m,r)  of  catastrophic  collisions, 
collisions  which  result  in  the  fragmentation  of  both  particles,  is  given  by 


C{m 


poo 

, r)=  / an{mp,r)  < v{r)  > drUp 

J m/y(v(r)) 


(2.26) 


ih(v{r)) 

where  a is  the  the  cross  sectional  area  inside  the  circle  where  the  two  particles  touch. 


m. 


is  the  mass  of  the  projectile,  n{mp,  r)  is  the  number  density  of  particles  of  mass 


m at  heliocentric  distance  r,  and  j{v{r))  is  defined  by 

rrip  > ^ Mt 

7(u(r)) 


(2.27) 


where  Mt  is  the  mass  of  the  target  particle  (Leinert  and  Griin  1990).  The  collisional 
lifetime  of  a particle  is  defined  as 

1 


Tc  = T (2.28) 

C (m,  r) 

the  reciprocal  of  the  rate  of  catastrophic  collisions  (Leinert  and  Griin  1990).  So, 
roughly  speaking,  n{mp,r)  ~ < v{r)  > ~ so  C{m^r)  ~ making 


Tr  ~ 


The  PR  drag  lifetime  only  goes  as  r. 


pr 


~ a 


r^.  Since  the  collisional 


lifetime  at  heliocentric  distance  r is  a steeper  function  of  r than  the  PR  drag  lifetime, 
we  can  make  the  assumption  that  the  collisional  lifetime  of  particles  at  r is  longer 
than  their  PR  drag  lifetime.  We  can  assume  that  collisions  can  be  neglected  for  small 
particles  at  a distance  r from  the  Sun.  However,  we  know  that  collisions  do  become 
important  for  particles  larger  than  ~ 100  /rm  in  diameter  (Gustafson  et  al.  1992) 
and  will  need  to  be  considered  in  future  work. 


18 


2.2  Secular  Perturbation  Theory 

Whether  we  are  modeling  the  zodiacal  cloud,  the  Kuiper  belt,  or  planetary 
debris  disks  around  other  stars,  secular  perturbation  theory  is  a powerful  tool  for 
interpreting  asymmetries  in  dust  disks.  In  this  chapter  we  briefly  introduce  the  theory 
of  secular  perturbations  which  is  the  classical  method  used  to  study  the  long-term 
orbital  evolution  of  both  planets  and  minor  planets  or  dust  particles  in  planetary 
systems.  In  Chapter  3,  we  discuss  the  applications  of  low-order  secular  perturbation 
theory  to  a simple  three-body  system,  analogous  to  a system  composed  of  a central 
star  and  two  perturbers  having  a non-zero  mutual  inclination,  Imutuai- 

The  orbit  of  a particle  or  a planet  can  be  described  by  a set  of  six  osculating, 
or  instantaneous,  elements:  the  semi-major  axis  (a),  eccentricity  (e),  inclination  (/), 
longitude  of  ascending  node  (fl),  longitude  of  pericenter  (a)),  and  the  mean  longitude 
(A).  Secular  perturbation  theory  is  the  classical  way  to  study  the  long-term  rates 
of  change  of  orbital  elements  of  small  bodies  in  planetary  systems,  provided  there 
are  no  mean  motion  resonances,  orbits  do  not  overlap,  and  the  eccentricities  and 
inclinations  of  all  the  objects  in  the  system  are  small  (Brouwer  and  Clemence  1961 
and  Murray  and  Dermott  1999).  The  long-term  variations  of  e,  a),  /,  and  of  a 
small  body  are  largely  determined  by  the  terms  in  its  disturbing  function  which  are 
independent  of  the  mean  longitudes  of  any  of  the  objects  involved.  These  terms  are 
called  the  secular  terms.  We  can  use  secular  perturbation  theory  to  study  a system 
of  n planetary  perturbers  and  a dust  particle  (or  point  mass  minor  planet,  such 
as  an  asteroid  or  Kuiper  Belt  object)  orbiting  a central  star.  Let  us  assume  that 
the  test  particle  has  unsubscripted  osculating  elements  (a,  e,/,o;,n.  A)  and  mean 
motion,  n,  and  the  planet  has  osculating  elements  {aj,ej,  Xj)  and  mass, 

rrij.  Assuming  e and  I are  small,  the  disturbing  function  to  second  order  in  e and  I 
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describing  the  perturbations  on  the  orbit  of  the  dust  particle  can  be  written 


R 


na 


1 " 

cos  ( Cu  — o)j)+ 


(2.29) 


j=i 


1 ” ^ 

-BI^  + ^ Bjllj  cos  ( — flj) 


1=1 


where 


4 ^ m* 

j=i 


_ (2).  . 
-^4  — «1  ^3/2  («l) 


(2.30) 


5. 


4 ^ m* 

j=i 


1 lUi 


+n^—  aj  a,  6lV9(^i) 
4m* 


where  ctj  = aj/a  if  aj  < a and  aj  = a/oj  if  Oj  > a and,  similarly,  aj  = 1 if  Oj  < a 
and  dj  = a/aj  if  aj  > a.  The  mass  of  the  central  star  is  m*  and  we  are  assuming 
the  dust  particle  is  sufficiently  large  so  that  radiation  pressure  can  be  neglected  in 
this  discussion  (i.e.,  /3  = Frad/Fgrav  = 0).  The  Laplace  coefficients,  63^2  and  63^21 


defined  as 


bU) 

0+1/2) 


1 

(«.)  = - / 
^ Jo 


cos  (j'0)  d'0 


(2.31) 


(1  — 2 Q cos  (-0)  + ) (*+1/2) 

for  the  general  case.  The  evolution  of  a planetary  system  can  be  studied  using 
Lagrange’s  planetary  equations  which  describe  the  rates  of  change  of  the  osculating 
elements.  Defining  G,  m and  R to  be  the  universal  gravitational  constant,  the  mass 
of  a given  dust  particle,  and  the  disturbing  function  where 


'nJa^  = G(m*  + m) 


(2.32) 


A = e 


ndt 
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we  can  write  the  Lagrange’s  planetary  equations  as 


da 

dt 

de 

dt 

dl 

dt 

dO, 

dt 

du 

dt 

de 

dt 


na  dX 


na?e 


((  , .\dR  dR\ 


-tan (7/2) 

na^  yi  — \ dX  du 

1 SR 


1 


dR 


na 


sin/ 


na^yi  — sin  I dl 


yi  — RR  tan  (7/2)  R7? 

na^e  de  ^ na^y/l  — 57 


-2  57?  yn^  (1  - yi  - e^)  5R  tan  (7/2)  57? 

na  5a  ^ na^e  5e  na^yi  — 57 


(2.33) 

(2.34) 

(2.35) 

(2.36) 

(2.37) 
^ (2-38) 


In  order  to  avoid  singularities  that  arise  in  Lagrange’s  planetary  equations  for 
small  eccentricities  and  inclinations,  we  define  four  variables  h,  k,  p,  and  q to  replace 
e,  a),  I,  and  XI. 

h = e sin  u k — e cos  u 


p — I smil  q = I cos 

Likewise,  we  define  a similar  set  of  four  variables  hj,  kj,  pj,  and  qj  (j  = l,n)  for  each 
perturbing  body  and  the  disturbing  function  becomes 


R = na^ 


1 " 

-A{h?‘  + k^)  + ^ Aj{hjh  + kjk) 


(2.39) 


j=i 


1 ■ . " 

+ ^B{p^  + q^)  + Yl  BjiPjP  + qjq) 


t=i 


21 


To  simplify  the  presentation,  from  here  onward  only  the  p and  q equations  are  dis- 
cussed. The  equations  in  h and  k follow  a similar  derivation.  The  Lagrangian  equa- 
tion of  motion  for  p and  q is 


P 


1 OR 


q = 


1 OR 


no?  dq  no?  dp 

Substituting  for  R from  Equation  (2.39)  we  can  rewrite  the  above  equation  as 


(2.40) 


p = Bjqj  q = -Bp  - ^ B^pj 

j=i  j=i 

Substituting  for  qj  and  pj  defined  below  from  a similar  derivation 

n n 

Pj  = ^ Iji  sin  {fit  + 7i)  qj  = ^ Iji  cos  {fit  + 7^)  (2.41) 


i=l 


z=l 


n n 


p = +Bq  + X]  XI  cos  {fit  + 7i) 

j=\  i=l 


n n 


(2.42) 


q = -Bp  - X X 

j=l  1=1 

Taking  a second  time  derivative  of  Equation  (2.42)  and  then  making  appropriate 
substitutions  from  (2.42)  we  have 


P = -B7  - ^Pi(B  + /i)  sm(/jt  + 7i) 


(2.43) 


i=l 


q = -B'^q  - X 4-  fi)  cos  {fit  -f  7i) 


i=l 


Pi  — ^ ^ Bj  Iji 

1=1 


The  solutions  to  the  uncoupled  differential  equations  in  (2.43)  are 

P I proper  sin(Rt + 7)  +po(^)  Q ^proper  cos  {Bt  -I-  7)  -I-  qo{t)  (2.44) 
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where  Iproper  and  7 are  constants  determined  from  the  boundary  conditions  and,  more 
importantly, 


Po{t) 


-E 


Pi 

(B  - f^) 


sin  {fit  + 7i) 


(2.45) 


= -E(B^ 

Similar  equations  follow  for  ho{t)  and  ko{t)  (Murray  and  Dermott  1999).  If  we  define 
the  quantities 


^forced  \j ^0  ^forced  ^ Pq  d*  9o  (2.46) 

the  solutions  given  in  Equation  2.44  have  a simple  geometric  interpretation  which 
is  illustrated  in  Figure  2-1.  The  osculating,  or  instantaneous,  inclination  traces  out 
a circle  in  the  p — q plane  that  can  be  thought  of  as  having  a center  (qo,Po)  and 
radius,  Iproper  in  the  p — q plane.  The  center  of  the  circle  is  governed  by  the  forced 
elements  while  the  proper  elements  precess  about  the  center  in  the  clockwise  direction 
(counter-clockwise  for  eccentricity  and  argument  of  pericenter)  at  a rate  B,  which  is 
equal  to  (iproper-  Note  that  in  the  case  of  a system  with  only  one  perturber,  the  forced 
elements  of  the  particle  would  be  constant  with  time  (Murray  and  Dermott  1999). 

As  demonstrated  above,  low-order  secular  perturbation  theory  allows  the  os- 
culating elements,  eccentricity  (e),  inclination  (/),  longitude  of  ascending  node  (D), 
and  longitude  of  pericenter  (D),  to  be  decomposed  into  proper  and  forced  elements. 
The  assumptions  for  the  low-order  theory  are  that  (1)  no  mean  motion  resonances  are 
involved,  (2)  there  is  no  overlap  of  orbits,  and  (3)  the  eccentricities  and  inclinations 
of  the  objects  in  the  system  are  small  enough  so  that  a second-order  expansion  of  the 
disturbing  function  is  sufficient  to  describe  the  system. 

The  proper  elements,  which  represent  the  stable  long-term  averages  after  the 
effects  of  planetary  perturbations  have  been  removed,  are  dependent  on  initial  condi- 
tions and  denote  fundamental  orbital  parameters  of  the  particle.  These  parameters 
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can  link  the  particle  to  an  asteroid  family.  Lastly,  it  is  important  to  note  that  the  per- 
turbations on  a particle’s  orbit  serve  to  process  both  the  longitude  of  ascending  node 
(Q)  and  longitude  of  pericenter  (a))  so  that  on  secular  time  scales  the  distributions 
of  these  proper  elements  become  effectively  random. 

Conversely,  the  forced  elements  are  imposed  on  the  particle’s  orbit  by  the 
gravitational  perturbations  of  the  planets.  These  perturbations  can  be  characterized 
as  (1)  secular  (i.e,  long  period),  (2)  transient,  and  (3)  resonant  (i.e.,  short  period). 
The  forced  elements  depend  solely  on  the  secular  solution  of  the  perturbers  in  the 
system  and  on  the  particle’s  semi-major  axis,  a,  which  changes  due  to  drag  forces  in 
the  system  (Murray  and  Dermott  1999).  As  discussed  in  the  previous  section,  the 
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principal  drag  forces  are  radiation  pressure,  Poynting- Robertson  light  drag,  and  solar 
wind  or  corpuscular  drag. 


2.3  Mean  Motion  Resonances 

2.3.1  Physics  of  Resonance 

We  briefly  summarize  the  discussion  of  Murray  and  Dermott  (1999)  on  the 
physics  of  objects  in  resonance.  We  consider  two  objects  orbiting  a central  star,  in 
the  case  where  the  object  of  negligible  mass  is  on  an  external,  eccentric  orbit  and  the 
inner  object  is  on  a circular  orbit  in  the  same  plane  as  the  particle.  We  consider  that 
the  objects  are  in  a mean  motion  resonance  such  that  conjunctions  always  occur  at 
the  same  latitude.  If  the  conjunctions  always  occur  at  pericenter  or  apocenter,  then 
the  tangential  force  that  the  particle  experiences  immediately  before  conjunction  is 
equal  and  opposite  to  the  tangential  force  the  particle  experiences  immediately  after 
conjunction,  resulting  in  a zero  net  tangential  force.  Only  a tangential  force  can 
change  the  angular  momentum  of  a particle  in  orbit.  If  conjunctions  occur  at  either 
apocenter  or  pericenter  then  a tangential  force  is  required  to  change  the  particle’s 
semi-major  axis.  Thus,  if  a particle  having  a conjunction  at  pericenter  or  apocenter 
experiences  a zero  net  tangential  force,  the  particle’s  semi-major  axis  stays  constant 
and  the  particle  is  in  resonance.  For  an  external  resonance,  the  case  discussed  here, 
conjunctions  at  the  particle’s  apocenter  give  the  stable  configuration.  If,  however, 
the  conjunction  of  the  particle  occurs  at  some  other  point  on  the  orbit,  the  tangential 
force  experienced  by  the  particle  causes  subsequent  conjunctions  to  occur  closer  to 
apocenter,  until  the  particle’s  conjunction  occurs  at  apocenter  and  the  particle  is  in 
resonance  (Peale  1976,  Greenberg  1977,  Peal  1986,  Murray  and  Dermott  1999). 

2.3.2  Dynamics  of  Resonance 

Consider  two  objects  moving  around  a large,  central  mass  in  circular,  coplanar 
orbits.  The  outer  object  (primed)  is  said  to  move  in  resonance  with  the  inner  object. 
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if  their  mean  motions,  n'  and  n,  respectively,  can  be  related  as 

n _ p + q 
n'  p 


(2.47) 


where  p and  q are  integers,  q denoting  the  order  of  the  resonance.  Since  the  mean 
motion  can  be  related  to  the  semi-major  axis  by  /j,q  = GMq  = n'^a^,  the  following 


relation  can  be  written 


a!  = a 


(2.48) 


Following  the  derivations  given  in  Dermott  et  al.  (1988),  Weidenschilling  and 
Jackson  (1993),  Jayaraman  (1995),  and  Murray  and  Dermott  (1999),  if  we  consider 
only  the  resonant  terms,  the  perturbing  force  on  a particle  due  to  a planet  can  be 
written  as  a series  expansion  in  the  orbital  elements  of  the  planet  (a,  e,  / D,  (5,  A) 
and  the  particle  (o',  e',  D',  A'): 


Kes  = X]  ^ 

where  p,  = GM,  G is  the  gravitational  constant,  and  M is  the  mass  of  the  planet. 
The  strength  of  the  resonance.  S',  the  strength  of  an  individual  term  in  the  series, 
can  be  written  S'  = S' {a,  sin  /,  sin  I',  e,  e')  where  a = (a/a').  The  general  form  of  the 
resonant  argument,  p,  can  be  written 


p = jiA'  -|-  j2^  + jzCj'  + (2.50) 


where  j\  = ip  + q),  j2  = ~qi  and  the  primed  quantities  denote  those  orbital  elements 
of  the  exterior  orbiting  body  and  the  unprimed  quantities  denote  those  of  the  interior 
body.  Physically,  the  resonant  argument  can  be  thought  of  as  the  angular  distance 
between  the  particle’s  perihelion  and  the  longitude  of  conjunction  of  the  particle  with 
the  planet.  We  will  retain  the  primes  in  the  subsequent  discussion  so  that  the  orbital 
elements  of  the  planet,  in  this  case  Neptune,  will  be  denoted  as  (a„,  e„,  /„  a)„, 

A„)  and  those  of  the  Plutinos  and  dust  particles  associated  with  the  Plutinos  as  (a'. 
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e',  /',  fl',  uj',  A').  This  distinction  is  important  to  make  since  the  disturbing  functions 
are  different  for  internal  and  external  resonances,  and  so  the  derivation  of  libration 
width  depends  on  whether  the  resonance  is  an  interior  or  an  exterior  one.  Also  note 
that  if  p = 1,  an  extra  term  must  be  included  in  the  disturbing  function.  However, 
since  we  are  dealing  with  the  3:2  resonance,  a p = 2 resonance,  we  need  not  include 
that  term  in  our  derivation. 

2.3.3  First  Order  External  Resonances 

For  exact  first  order  external  resonances  IjsI  = 1 = g,  and  jA,  g'5,  and  jg  Eire 
zero,  giving 

p = (p  + 1)A' - pA„  - a)'  (2.51) 

if  we  take  J3  to  be  -1.  More  generally,  we  can  write 

<P  = jlA'  + (2.52) 

Now  we  write  the  general  term  in  the  averaged  expansion  of  the  disturbing  function, 
with  both  secular  and  resonant  terms  included.  The  first  term  on  the  right  hand 
side  is  the  secular  term  which  depends  on  /s,i(a).  The  second  term  is  the  resonant 
term  and  it  is  a function  of  fd{o)-  Both  fs,i{c()  and  fd{ct)  are  functions  of  Laplace 
coefficients.  The  term  containing  fs,i{aj  will  be  eventually  neglected,  and  accordingly, 
fs,i{cn)  will  not  be  defined  here.  For  the  3:2  external  mean  motion  with  Neptune,  the 
resonant  argument  is 

p = 3A'  - 2A„  - Cj'  (2.53) 

and  the  general  expression  for  fd{a)  can  be  written  as 

fd{a)  = ^(-1  + 2ji  + aD)  (2.54) 

where,  from  Murray  and  Dermott  (1999),  D = d/da  is  defined  as 


(2.55) 
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Values  for  /a (a)  for  different  resonances  with  Neptune  are  given  in  Tables  2-1  and 
2-2.  The  sign  of  fd{a)  indicates  the  value  at  which  ip  is  stable.  If  fd{ct)  < 0,  the 
motion  will  be  stable  abont  ip  = 0.  If  /d(a)  > 0,  the  motion  will  be  stable  about 
ip  = TT.  As  can  be  seen  from  Tables  2-1  and  2-2,  the  latter  case  holds  for  first  order 
exterior  mean  motion  resonances  and  the  stable  point  is  about  ip  = n. 

Table  2-1:  Laplace  coefficients  for  the  /3=0  no  drag  case  for  several  important  first 
order  resonances  in  the  Kuiper  belt. 

MMR  ji  j2  jz  ji  j5  je  fd{a)  a Laplace 

= {an/ a')  Coefficients 

(q) 


3:2  3 -2  -1  0 0 0 |[5  + aD]  0.7631428  =0.6 174491 

(1)  = 65^2=12-084771 

65/2=10-485689 

65/^2=8-8484109 

2:1  2 -1  -1  0 0 0 l[3-f  aL>]65y2  0.6299605  6[/5=  0.7568403843 

(1)  =1.688310811  65/5=  6.058253849 

65)5=4.922561382 
65)5=  3.655435400 


Laplace  coefficients  for  the  /9=0  no  drag  case  for  several  important  first  order  resonances  in 
the  Kuiper  belt.  We  calculate  the  Laplace  coefficients  as  defined  in  Murray  and  Dermott 
(1999). 

Now,  we  can  write  Equation  2.49  as 

< Kes  >=  Q;  [fs,x{a)e'‘^  + /d(o:)e'l«l  cos  ((/?))  (2.56) 

Gn 

where  ip  for  the  3:2  resonance  given  by  Equation  2.53.  In  most  cases,  the  secular 
contribution  is  small  so  the  contribution  from  the  first  term  on  the  right  hand  side  of 
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Table  2-2;  Laplace  coefficients  for  the  /1=0  no  drag  case  for  several  important  second 
order  resonances  in  the  Kuiper  belt. 


MMR  ji  j2  jz  Ja  js  je 

(q) 


fdia) 


a 

{Ojn/ CL  ) 


Laplace 

Coefficients 

h^^\a) 


6:4 

(2) 


-4  -2  0 0 0 |[104  + 22aL»  0.7631428  0-2704376377 


= 8.2452174 


5! 


8.830059041 

7.319852836 


,(3). 

3/2' 

- 

‘^3/2" 

hf'j^=  5.994332420 
5^/^2=144.0722604 
6^/^2=133.3735430 
6^/^2=120.9249333 


d5). 

^2" 


107.7889609 


6^/^2=  94.73545715 


5:3 

(2) 


5 -3  -2  0 0 0 l[67  + 18aL>  0.7113787 

=4.7443175 


6[/5j=  0.190599485 
6f/^2=  6.698016985 
6f/|j=  5.320969552 
6^/^2=  4.140804309 
6^^2=  70.84706201 
6^/^2=  65.44595179 


(,(3). 


58.29300353 


6^/^2=  50.48635337 
6f/^2=  42.77082747 


Laplace  coefficients  for  the  /3=0  no  drag  case  for  several  important  second  order  resonances 
in  the  Kuiper  belt.  We  calculate  the  Laplace  coefficients  as  defined  in  Murray  and  Dermott 
(1999). 
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Equation  2.56  can  be  neglected,  but  we  will  retain  the  secular  term  in  this  derivation 
for  completeness. 

In  Section  2.2,  we  stated  Lagrange’s  equations  which  describe  the  variation  of 
the  orbital  elements  for  a given  perturbing  potential.  If  we  then  substitute  from 
Equation  2.56  into  Lagrange’s  equations,  the  equations  of  motion  become 


3 ji  Cl  a n'  sin  {(p) 

(2.57) 

-jaC' sin  ((/?) 

(2.58) 

2 C'  ex  + 1^3 1 Cl  a cos  (p) 

(2.59) 

where  the  constants  arising  from  the  resonant  (C')  and  secular  (C')  parts  of  the 
disturbing  function  are  given  by 


Cl 


( GM^  \ 


fd{oi) 


(2.60) 


c: 


( gm^  \ 

\a'^a„n'y 


(2.61) 


where  M„  is  the  mass  of  Neptune  and  G is  the  solar  gravitational  constant.  The 
term  in  Equation  2.59  will  be  neglected  later,  but  the  Cr  term  is  important  for  first 
order  resonances. 


Pendulum  Model 

If  we  assume  Neptune’s  mean  motion  is  constant  with  time  (h„  = 0),  we 
can  view  our  resonance  model  in  terms  of  a simple  pendulum.  We  take  two  time 
derivatives  of  Equation  2.52  which  gives 


<f  — {p  + q)  {n'  + e')  — u' 


(2.62) 


or,  more  generally, 

= jin'  + ji€'  + . 


(2.63) 
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Assuming  we  can  neglect  Co'  (which  is  a good  assumption  except  for  the  case 
of  first  Order  resonances)  and  e'  and  using  n'  from  Equation  2.57  we  can  write 

(p  = —w1  sin  ((f)  (2-64) 


where  In  the  case  of  an  odd  order  external  mean  motion  reso- 

nance, the  stable  value  of  the  resonant  argument  is  tt.  Therefore,  we  must  substitute 
if'  = ip -\-TT  into  Equation  2.64,  yielding  ip'  = -wl  sin  (y?'),  which  is  of  the  same  form 
as  Equation  2.64.  Hereafter,  we  will  drop  the  prime  on  </?'  and  continue  with  the 
derivation.  We  can  write  the  energy  of  the  system,  E,  as 

E = 4-  2wl  sin^ 

Libration  Width 

The  maximum  energy  for  libration,  Emax,  with  {ip  = ±7t  and  (y?  = 0)  is  2 
or 

E^ax  = -QjlClan'e'^^^\  (2.66) 

We  now  set  the  value  of  E in  Equation  2.65  to  Emax  which  gives  a variation  in  ip  of 

0=±j,  (12|C;icn'e'W)‘^%os(’iv.)  (2.67) 

Using  Equation  2.57,  we  can  derive  a relationship  for  dn'  which  can  then  be  integrated 
to  yield 

n'  = n',±  (12  |C;i  an' e'l^'^l)'^' cos  (2.68) 

So,  the  maximum  change  in  the  mean  motion,  which  occurs  at  </?  = 0 is 

fc;..„  = ±(12|C;|an'e'W)'^"  (2.69) 


Using  the  relationship  given  by  Kepler’s  Third  Law  that  n'^a'^  = /i©  = GMq,  and 
subsequently  5a'  = -(2a')/(3n')  5n',  we  can  write  Equation  2.69  in  terms  of  semi- 
major axis,  thus  deriving  the  libration  width: 


<^«max  - ± 


3 n' 


/Ijalj 


(2.70) 
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2:3  External  Resonance  in  the  Kuiper  Belt 


Figure  2-2:  The  maximum  libration  widths  in  a-e  space  for  the  3:2  external  mean 
motion  resonance  with  Neptune. 


However,  the  above  equation  is  inappropriate  for  first  order  resonances,  since  the  u 
term  in  (p  (Equation  2.62)  is  not  negligible.  For  first  order  external  resonances,  = 
-1  and  the  relationship  for  libration  width  is  the  following 


5a' = ± 


l£|C^ 

3n' 


1 + 


1 


|c;|a 


i'2  ^/3 


2 

9jfie'  n' 


a'. 


(2.71) 


27j(e« 

Figure  2-2  shows  the  maximum  libration  widths,  calculated  using  Equation  2.71, 
in  a-e  space  for  the  3:2  external  mean  motion  resonance  with  Neptune. 


Libration  Period 


Ordinarily,  for  low  eccentricities  and  small  libration  amplitudes,  the  libration 
period.  Tub,  can  be  calculated  by  integrating  over  the  resonant  argument,  <p,  to  the 
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libration  amplitude,  v?o 


(2.72) 


assuming  cp  = 0 and  ip  — ipo.  Substituting  from  Equation  2.65,  E = 2?/;^  sin^  y?o/2. 
Equation  2.72  becomes 


where  sirup/2  = sin(/Jo/2sin0  (Murray  and  Dermott  1999).  Equation  2.73  gives  an 
accurate  value  for  the  libration  period  in  the  case  of  small  eccentricities  and  small 
libration  amplitudes,  such  as  in  the  case  of  external  mean  motion  resonances  with 
the  Earth.  However,  Malhotra  et  al.  (1996)  cautions  against  using  the  pendulum 
model  for  the  calculation  of  libration  periods  for  objects  in  mean  motion  resonances 
in  the  Kuiper  belt.  Here  the  eccentricities  of  the  objects  involved  are  high  and  the 
libration  amplitudes  are  large.  In  the  case  of  the  3:2  Neptune-Pluto  resonance,  the 
eccentricity  of  Pluto  is  0.25  while  the  libration  amplitude  is  76°  (Murray  and  Dermott 
1999).  The  libration  period  which  is  computed  using  Equation  2.73  is  9447  years, 
while  the  measured  libration  period  from  Murray  and  Dermott  (1999)  is  19,670  years, 
which  is  a significant  difference. 


(2.73) 


CHAPTER  3 

WARPED  DISKS  AND  THE  OFFSET  OF  THE  ZODIACAL  CLOUD 


Our  studies  to  date  show  that  at  least  three  different  types  of  asymmetries  can 
serve  to  indicate  bodies  orbiting  a star  in  a disk,  one  of  which  is  a warp  in  the  plane 
of  symmetry  of  the  disk  due  to  the  variation  of  the  forced  inclinations,  Ifarced^  with 
respect  to  the  astrocentric  distances  of  the  dust  particles  (Dermott  et  al.  1996b). 
We  identify  the  warp  in  the  zodiacal  cloud  from  the  analysis  of  CODE  (The  Cosmic 
Background  Explorer  satellite)  observations  in  the  4,  12,  25,  and  60  fim  wave  bands 
and  present  the  results  in  Section  3.1.  In  Section  3.2,  we  discuss  the  applications  of 
low-order  secular  perturbation  theory  to  a simple  three  body  system,  analogous  to 
a system  composed  of  a central  star  and  two  perturbers  having  a non-zero  mutual 
inclination,  Imutuai-  In  this  case,  we  use  the  HR  4796  system  as  our  example,  since  it  is 
a planetary  debris  disk  that  has  been  observed  to  show  an  definite  offset  asymmetry, 
which  may  be  an  indirect  indication  of  the  presence  of  at  least  one  planet  in  the 
system  (Telesco  et  al.  2000).  The  observations  also  show  a slight  warp,  but  it  is 
not  known  whether  this  is  a real  effect  or  an  artifact  of  incomplete  point  spread 
function  (PSF)  subtraction.  We  take  the  parameters  obtained  from  modeling  the 
offset  (Wyatt  et  al.  1999)  and  demonstrate  to  what  extent  a planet  could  produce 
a warp  in  the  system.  Using  low-order  secular  perturbation  theory,  where  M{  and 
ai{i  = 1,2)  are  the  mass  and  semi-major  axis  of  the  perturber  (where  i=l  is 
HR  4796B  and  i=2  is  the  planet),  and  where  Imutuai  is  the  mutual  inclination  of 
these  two  perturbers,  we  can  show  how  varying  certain  parameters  (M2/M1,  02/01, 
and  Imutuai)  can  affect  the  degree  of  warp  of  the  system.  Lastly,  we  can  determine  how 
effective  a particular  satellite  or  telescope  would  be  for  detecting  warps  in  exo-solar 
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system  debris  disks.  The  magnitude  of  a possible  warp  in  the  plane  of  symmetry  of  a 
circumstellar  dust  disk  can  be  determined  by  dynamical  modeling  and  it  is  possible 
to  determine  whether  the  Space  InfraRed  Telescope  Facility  (SIRTF)  will  be  able  to 
detect  a w'arp  in  a debris  disk.  In  Section  3.3,  we  find  that  SIRTF  will  only  be  able  to 
detect  a very  extreme  warp  and  that  SIRTF  will  not  be  able  to  detect  a small  warp, 
similar  to  that  seen  in  our  solar  system’s  zodiacal  cloud. 

Another  asymmetry  which  can  be  diagnostic  of  the  presence  of  planets  in  a 
system  is  an  offset  in  the  center  of  symmetry  of  the  disk  with  respect  to  the  central 
star  due  to  the  forced  eccentricities  of  the  dust  particles.  We  observe  the  offset  in 
the  12  and  25  /rm  CORE  DIRBE  wave  bands  and  present  the  results  in  Section  3.4. 
We  find  that  a purely  asteroidal  model  that  does  not  include  collisions  between  dust 
particles  does  not  account  for  the  observed  offset.  Either  there  must  be  a significant 
loss  of  asteroidal  particles  due  to  collisions  or  the  zodiacal  cloud  must  have  a non- 
negligible  cometary  component  that  must  be  included  in  future  models  (Holmes  et 
al.  1998). 

Since  CODE  only  operated  for  10  months  (from  December  11,  1989  to  Septem- 
ber 21,  1990),  we  were  unable  to  get  a complete  12-month  sinusoidal  variation  of  the 
data.  To  supplement  the  COBE  data,  we  took  photometric  data  from  the  Infrared 
Space  Observatory  (ISO)  in  the  25  from  December  8,  1997  through  January  27, 
1998.  Although  the  ISO  data,  shown  in  Section  3.5,  roughly  confirm  the  COBE 
observations,  we  must  derive  a scale  factor  to  the  ISO  data  to  match  the  observed 
COBE  brightness.  This  scale  factor  can  be  used  by  the  ISO  team  to  calibrate  their 
data. 


3.1  COBE  Observations  of  the  Warp  in  the  Zodiacal  Cloud 

The  warp  in  the  plane  of  symmetry  of  the  zodiacal  cloud  is  caused  by  the  vari- 
ation of  the  forced  inclinations  of  the  dust  particles  with  respect  to  their  heliocentric 
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distances.  A dust  particle  orbiting  in  the  asteroid  belt  has  a forced  inclination  which 
is  determined  by  the  perturbing  effects  of  the  major  planets.  When  a particle  leaves 
the  asteroid  belt  to  spiral  in  towards  the  Sun  due  to  Poynting-Robertson  light  drag, 
its  semi-major  axis,  adust,  changes  with  time.  The  change  in  semi-major  axis  causes 
the  gravitational  perturbations  on  the  particle  to  change,  since  the  semi-major  axes 
of  the  planets  are  constant.  Using  low-order  secular  perturbation  theory,  for  small 
inclinations  and  eccentricities,  I forced  is  a function  of  only  semi-major  axis,  adust,  3-nd 
particle  size.  A cloud  with  particles  having  a range  of  semi-major  axes  will  have  a 
range  of  force  inclinations,  which  will  produce  a warp  in  the  cloud. 

The  Diffuse  Infrared  Background  Experiment  (DIRBE)  on  the  Cosmic  Back- 
ground Explorer  (COBE)  spacecraft  operated  for  10  months  from  December  11,  1989 
to  September  21,  1990  in  10  photometric  wave  bands  at  1.25,  2.2,  3.5,  4.9,  12,  25, 
60,  100,  140,  and  240  /um.  COBE  DIRBE  was  designed  to  search  for  the  cosmic 
infrared  background  (CIB),  diffuse  infrared  radiation  originating  from  outside  of  the 
Milky  Way  galaxy.  However,  foreground  scattered  light  and  thermal  emission  from 
interplanetary  dust  particles  in  the  zodiacal  cloud  were  significant  contributors  to  the 
diffuse  infrared  sky  brightness  making  COBE  data  an  excellent  tool  for  the  study  of 
asymmetries  in  the  cloud.  The  warp  in  the  zodiacal  cloud  can  be  identified  by  com- 
paring the  positions  of  the  ascending  and  descending  nodes  as  observed  by  COBE 
at  the  north  and  south  {N  and  S)  ecliptic  poles  (at  1 AU)  with  the  positions  of  the 
nodes  as  observed  near  the  ecliptic  in  the  directions  leading  and  trailing  (L  and  T) 
the  Earth  in  its  orbit,  that  is,  external  to  1 AU  (Dermott  et  al.  1996b).  In  the  bottom 
plot  in  Figure  3-1,  the  brightness  of  the  zodiacal  cloud  at  the  north  and  south  ecliptic 
poles  is  plotted  with  respect  to  the  ecliptic  longitude  of  Earth  for  the  25  /xm  wave 
band.  The  COBE  observations  for  the  north  and  south  ecliptic  poles  are  each  fitted 
with  well  defined  sine  curves.  The  ascending  and  descending  nodes,  Qa  and  Qd,  are 
measured  at  the  ecliptic  longitudes  of  Earth  at  which  the  north  polar  brightness  is 
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equal  to  the  south  polar  brightness,  or  where  the  Earth  lies  in  the  midplane  of  the 
cloud.  We  find  that  the  position  of  the  ascending  node  at  1 AU  is  70.7°±  0.4°  (Der- 
mott  et  al.  1998,  Holmes  et  al.  1999).  The  zodiacal  cloud  is  not  expected  to  have 
a large  vertical  extent  so  the  observed  polar  brightness  is  assumed  to  originate  from 
1 AU.  Comparisons  can  be  made  to  the  near  ecliptic  brightnesses  of  the  zodiacal 
cloud  in  the  leading  and  trailing  directions,  which  originates  from  dust  external  to 
1 AU.  From  previous  work,  the  position  of  the  ascending  node  in  the  near  ecliptic 
case  was  determined  to  be  58.40°±  2.33°  (Dermott  et  al.  1996b).  The  top  plot  of 
Figure  3-1  shows  the  latitude  of  the  peak  flux  of  the  cloud  as  seen  by  CORE  in  the  25 
wave  band  versus  the  ecliptic  longitude  of  Earth  in  the  leading  (dotted  curve  and 
open  circles)  and  trailing  (solid  curve  and  filled  circles)  directions  and  the  fits  to  the 
data.  The  positions  of  the  ascending  and  descending  nodes  of  the  cloud  are  given  at 
the  ecliptic  longitude  of  Earth  at  which  the  latitude  of  the  trailing  curve  is  equal  and 
opposite  to  the  latitude  of  the  leading  curve  (Dermott  et  al.  1999a).  If  the  cloud  had 
only  one  plane  of  symmetry,  the  value  of  the  ascending  node  observed  at  the  ecliptic 
poles  would  be  the  same  as  that  observed  in  the  leading  and  trailing  directions.  As 
seen  in  Figure  2-1,  the  inclination  and  the  node  are  related  by  the  particle  in  a circle 
method,  which  is  why  the  difference  in  node  implies  a difference  in  inclination.  The 
difference  in  inclination  with  respect  to  astrocentric  distance  is  a measure  of  the  warp 
in  the  cloud.  The  statistically  significant  disparity  - the  nodes  differ  by  more  than 
12°  - between  ascending  nodes  for  observations  at  the  ecliptic  poles  (north  and  south) 
and  for  observations  near  the  ecliptic  (leading  and  trailing)  indicates  that  the  zodia- 
cal cloud  is  indeed  warped.  These  results  are  presented  in  Table  3.1  and  in  addition 
a comparison  is  made  to  the  inclinations  and  ascending  nodes  of  Jupiter,  Saturn,  and 
the  ten  degree  dust  bands.  The  ascending  node  (100°±  8°)  and  inclination  (1.16°± 
0.09°)  of  the  ten  degree  dust  bands,  determined  from  previous  work,  match  well  with 
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the  ascending  node  (100.5°)  and  inclination  (1.30°)  of  Jupiter.  The  forced  inclina- 
tions and  nodes  of  the  dust  particles  in  the  ten  degree  dust  bands  are  locked  on  to  the 
inclination  and  node  of  Jupiter.  However,  in  comparison,  the  inclination  and  node  of 
Jupiter  differ  greatly  from  the  inclination  and  node  of  the  background  zodiacal  cloud 
(Dermott  et  al.  1998).  Further  theoretical  evidence  of  the  warp  of  the  background 
cloud  is  presented  in  Figure  3-2  which  shows  the  variation  of  the  forced  inclinations 
and  forced  node  with  respect  to  semi-major  axis  for  different  sized  particles  (4,  9,  14, 
and  25  iim  in  diameter).  In  the  asteroid  belt,  at  approximately  3 AU,  the  I forced  and 
^farced  of  the  particles  are  locked  on  to  Jupiter’s  inclination  and  node,  respectively 
(Dermott  et  al.  1996b).  However,  by  2 AU,  the  particles  all  have  different  forced 
elements  ranging  from  ~ 50  - 90°  depending  on  particle  size,  and  by  1 AU,  ^forced 
ranges  from  ~ 50  - 70°.  Correspondingly,  I forced  also  varies  as  a function  of  particle 
size  and  semi-major  axis,  producing  a warped  background  cloud. 

Table  3-1;  Orientation  of  the  planes  of  symmetry  with  respect  to  the  ecliptic. 


Inclination  Longitude 

to  the  ecliptic  (1)  of  Ascending  Node  (Q) 


Jupiter 

1.30° 

100.5° 

Saturn 

2.49° 

113.7° 

Ten  Degree  Dust  Bands 

1.16  ±0.09° 

100  ± 8° 

Zodiacal  Cloud  (25  /xm,  ecliptic) 

1.49  ± 0.07° 

58.40  ± 2.33° 

Zodiacal  Cloud  (25  ft,m,  poles) 

Undetermined 

70.7  ±0.2° 

Zodiacal  Cloud  (12  /xm,  poles) 

Undetermined 

76.4  ± 0.2° 

Orientation  of  the  planes  of  symmetry  with  respect  to  the  ecliptic.  The  inclination  to 
the  ecliptic  and  the  longitude  of  ascending  node  (U)  of  several  planets  for  the  year  1990 
(Astronomical  Almanac  1990).  I and  Q,  were  also  determined  from  the  1989-1990  CODE 
DIRBE  observations  for  the  zodiacal  cloud  in  the  ecliptic  and  polar  directions  in  the  25  fim 
wave  band.  (Dermott  et  al.  1998) 


Figure  3-3  shows  the  brightness  of  the  north  and  south  ecliptic  poles  as  seen 
by  COBE  versus  ecliptic  longitude  of  Earth  for  the  4,  12,  60,  and  100  fim  wave 
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Ecliptic  Longitude  of  Earth 


Figure  3-1:  CODE  DIRBE  data  showing  the  warp  in  the  zodiacal  cloud  in  the  25  /rm 
wave  band,  (top)  The  latitude  of  the  peak  flux  of  the  cloud  as  seen  by  CODE  in 
the  25  /rm  wave  band  is  plotted  versus  the  ecliptic  longitude  of  Earth  in  the  leading 
(dotted  curve  and  open  circles)  and  trailing  (solid  curve  and  filled  circles)  directions, 
that  is,  external  to  1 AU.  The  positions  of  the  ascending  and  descending  nodes  of  the 
cloud  are  given  at  the  ecliptic  longitude  of  Earth  at  which  the  latitude  of  the  trailing 
curve  is  equal  and  opposite  to  the  latitude  of  the  leading  curve.  The  ascending  node, 
Qa,  is  measured  to  be  58.40°±  2.3  (Dermott  et  al.  1996b).  (bottom)  In  comparison, 
COBE  DIRBE  data  of  the  north  and  south  ecliptic  poles  (at  1 AU)  is  presented.  The 
brightness  in  MJy/sr  of  the  north  and  south  ecliptic  poles  is  plotted  versus  ecliptic 
longitude  of  Earth,  at  the  poles  is  observed  to  be  70.7°±  0.4.  The  difference 
between  these  nodes  (12.3°±  2.3)  is  significant  and  indicates  that  the  background 
zodiacal  cloud  is  warped  (Dermott  et  al.  1998,  Holmes  et  al.  1999). 
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Figure  3-2:  Variation  of  Forced  Inclination  and  Forced  Node  with  respect  to  semi- 
major axis  for  different  sized  particles.  In  the  asteroid  belt,  I forced  and  forced  are 
locked  on  to  Jupiter’s  inclination  and  node,  respectively  (Dermott  et  al.  1996b). 


bands.  We  obtain  the  location  of  the  ascending  node  for  the  4 /xm  wave  band:  Qa 
= 107.7°  ± 0.1°.  The  value  of  the  ascending  node  for  the  12  fim  wave  band 
= 76.4  ± 0.2°)  agrees  roughly  with  the  value  we  obtained  for  the  25  jim  wave  band 
==  70.7  ± 0.2°).  The  sine  curves  for  the  60  fim  {Qa  = 33.6°  ± 6.3°)  are  not  as 
well  defined,  however,  possibly  due  to  the  presence  of  galactic  emission  complicating 
the  results.  Another  explanation  for  the  differences  in  nodes  for  the  different  wave 
bands  is  that  emission  at  a particular  wave  band  is  a function  of  particle  size.  In 
general,  the  larger  the  wavelength,  the  larger  the  particles  are  that  contribute  to  the 
emission.  For  example,  particles  (composed  of  astronomical  silicate)  which  are  less 
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than  0.1  /im  in  diameter  do  not  contribute  much  to  the  thermal  emission  in  the  12 
and  25  pun  because  their  absorption  efficiency,  Qabs,  approaches  zero.  For  the  60  pim 
wave  band,  the  cutoff  particle  size  increases  to  ~ 10  pim  (Grogan  1997,  Gustafson 
1994).  In  turn,  forced  inclination  is  a function  of  particle  size,  so  a different  particle 
size  distribution  could  produce  a different  Ijorced  and  thus  a different  forced  node. 
The  sine  curves  for  the  fits  to  the  north  and  south  polar  data  for  the  100  ptm  wave 
bands  do  not  even  cross,  giving  no  value  for  the  ascending  node,  due  most  probably 
to  contamination  from  galactic  emission,  which  begins  to  dominate  the  emission  in 
the  wave  bands  > 60  pirn. 

Another  confirmation  of  the  warp  in  the  zodiacal  cloud  is  that  if  the  cloud 
were  not  warped,  the  ascending  and  descending  nodes  would  lie  exactly  180°  apart. 
In  the  25  pim  wave  band  polar  case,  = 70.7°±  0.2°  and  = 264. 2°±  0.2°.  The 
difference  between  the  two  nodes  is  193.5°±  0.2°,  clearly  different  from  180°.  For 
the  12  pim  wave  band  polar  case,  = 76.4°±  0.2°  and  — 255. 3°±  0.2°.  The 
difference  between  the  two  nodes  is  178. 9°±  0.2°.  From  Figure  3-3,  it  is  clear  that 
the  differences  in  the  ascending  and  descending  nodes  for  the  4 and  60  pim  wave  band 
are  also  not  180°. 

The  warp  in  the  plane  of  symmetry  of  the  zodiacal  cloud  is  caused  by  the  fact 
that  the  planets  do  not  lie  in  the  same  orbital  plane.  For  instance,  Jupiter,  the  most 
massive  of  the  planets,  is  inclined  to  the  ecliptic  by  1.30°  as  seen  in  Table  3-1.  The 
mutual  inclination,  ImutuaU  of  Jupiter  to  Saturn  most  likely  produces  the  warp  in  the 
zodiacal  cloud.  Since  Imutuai  is  small  (~  1-2°),  the  warp  in  the  zodiacal  cloud  is  small 
(Dermott  et  al.  1998).  As  seen  in  Figure  2-1,  the  inclination  and  the  node  are  linked, 
which  is  why  the  difference  in  node  implies  a difference  in  inclination. 

In  a multiple  planet  exo-solar  system,  we  expect  that  the  planets  would  not 
all  lie  in  the  same  orbital  plane,  which  would  produce  a warp  in  the  exo-solar  system 
debris  disk.  A warp  could  also  be  produced  in  a binary  star  system  that  has  one 
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C06E  4 9 micron  Flux  (along.  > 90  deg.) 
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Ecliptic  Longitude  of  Earth 


Ecliptic  Longitude  of  Earth 


COBE  60  micron  Flux  (along.  > 90  deg.) 


COBE  100  micron  Flux  (oiong.  - 90  deg.) 


Ecliptic  Longitude  of  Earth 


South  Pole  Coef:  • 

.Mean  = 5.15166;  Error  = 5.63869E-2 
Phase  = 131.272;  Error  = 189.823 
Anviitude  - 2.40861  E-2;  Error  - 7.97979E-2 

North  Pole  Coef;  « 

Mean  « 5.97240:  Error  > 4.90848E-2 
Phase  = 333.827  ; Error  * 14.2989 
Amplitude  » 0.274088  ; Error  = 6.84023E-2 

I ....  I 

100  200 
Ecliptic  Longitude  of  Earth 


Figure  3-3:  The  brightness  of  the  north  and  south  ecliptic  poles  as  seen  by  COBE 
versus  ecliptic  longitude  of  Earth  for  the  4,  12,  60,  and  100  fim  wave  bands,  (top 
left)  We  obtain  a value  of  Qa  for  the  4 jim  data  of  107.7°  ± 0.1°  . (top  right)  The 
value  of  VLa  for  the  12  fxm  data  of  76.4°±  0.2°  corresponds  roughly  to  the  25  fim 
value,  (bottom  left)  We  find  a value  of  Ha  for  the  60  /xm  of  33.6°  ± 6.3°,  but  we  note 
that  the  data  may  be  contaminated  by  galactic  emission,  (bottom  right)  The  fits  to 
the  north  and  south  polar  data  for  the  100  /xm  wave  bands  do  not  even  cross,  giving 
no  value  for  the  ascending  node,  due  most  probably  to  contamination  from  galactic 
emission. 


planet.  The  extent  of  such  a warp  can  be  determined  using  secular  perturbation 
theory. 
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3.2  Applications  of  Secular  Perturbation  Theory  to  HR  4796 

Given  observations  of  an  asymmetric  cloud,  we  can  use  secular  perturbation 
theory  to  investigate  which  model  parameters  to  vary  to  produce  desired  asymmetries. 
For  a system  of  two  perturbers  and  a test  particle,  the  variation  of  I forced  with  respect 
to  a depends  on  M2 /Mi  (the  masses  of  the  two  perturbers),  02/01  (the  semi-major 
axes  of  the  two  perturbers),  and  Imutuai,  the  mutual  inclination  of  the  perturbers. 
This  method  eliminates  some  of  free  parameters  of  our  models. 

3.2.1  Warp:  Variation  of  Forced  Inclination 

A warp  in  the  plane  of  symmetry  of  the  disk  is  caused  by  the  variation  of  the 
forced  inclinations  of  the  dust  particles  with  respect  to  their  astrocentric  distances. 
For  the  “no  drag”  case,  i.e.,  assuming  the  particle  has  the  same  proper  elements 
as  it  did  when  it  left  the  asteroid  (which,  although  not  physical,  is  adequate  for  an 
elementary  demonstration  of  this  particular  technique)  we  can  calculate  the  variation 
of  the  I forced  of  the  particles  as  a function  of  semi-major  axis.  Figure  3-4  represents 
the  particle’s  forced  inclination  at  different  semi-major  axes  in  the  system.  When 
the  particle  is  close  to  a planet,  it’s  forced  inclination  equals  the  inclination  of  that 
planet  {I forced  = Ipianet)-  The  peak  in  the  curve  (around  ~ 1 AU)  corresponds  to  a 
secular  resonance,  which  occurs  when  the  nodal  precession  rate  of  the  test  particle 
approaches  an  eigenfrequency  of  one  of  the  planets.  The  most  important  feature  to 
note  is  that  the  decrease  in  I forced  between  Ipianet  and  Ihr  4796B  is  indicative  of  the 
warp  of  the  cloud.  Lastly,  after  a certain  semi-major  axis  the  curve  flattens  out.  The 
value  of  I forced  at  this  point  corresponds  to  the  inclination  of  the  plane  of  symmetry 
of  the  system  due  to  its  mean  angular  momentum. 

The  HR  4796  system  is  composed  of  two  stars  (A  and  B)  of  mass  = 
2.5Msun  and  = 0.38M5„„.  Wyatt  et  al.  (1999)  theorizes  that  there  may  be  an 
additional  body,  a planet  of  OAMj^pUer  < ^planet  < ‘^OMjupUer,  in  the  system.  This 
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No  Qrac:  Plonet  and  HR4796B 


Figure  3-4:  Secular  perturbation  theory  variation  of  I forced  with  respect  to  semi- 
major axis  for  HR  4796.  A warp  in  the  plane  of  symmetry  of  the  disk  is  caused 
by  the  variation  of  the  forced  inclinations  of  the  dust  particles  with  respect  to  their 
astrocentric  distances.  For  the  “no  drag”  case,  i.e.,  assuming  the  particle  has  the  same 
proper  elements  as  it  did  when  it  left  the  asteroid  (which,  although  not  physical, 
is  adequate  for  an  elementary  demonstration  of  this  particular  technique)  we  can 
calculate  the  variation  of  the  I forced  of  the  particles  as  a function  of  semi-major  axis. 
This  figure  represents  the  particle’s  forced  inclination  at  different  semi-major  axes 
in  the  system.  When  the  particle  is  close  to  a planet,  it’s  forced  inclination  equals 
the  inclination  of  that  planet  {I forced  — Ipianet)-  The  peak  in  the  curve  (around  ~ 1 
AU)  corresponds  to  a secular  resonance,  which  occurs  when  the  nodal  precession  rate 
of  the  test  particle  approaches  an  eigenfrequency  of  one  of  the  planets.  The  most 
important  feature  to  note  is  that  the  decrease  in  I forced  between  Ipianet  and  Ihr  4796B 
is  indicative  of  the  warp  of  the  cloud.  Lastly,  after  a certain  semi-major  axis  the 
curve  flattens  out.  The  value  of  I forced  at  this  point  corresponds  to  the  inclination  of 
the  plane  of  symmetry  of  the  system  due  to  its  mean  angular  momentum. 
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Table  3-2;  Osculating  elements  of  known  and  hypothetical  perturbers  in  the  HR  4796 
system. 


Perturber 

a (AU) 

e 

I 

a) 

Q 

HR  4796B 

517 

0.01 

0° 

55° 

0° 

Planet 

45 

0 

5° 

0° 

100° 

Osculating  elements  of  known  and  hypothetical  perturbers  in  the  HR  4796  system.  We  use 
these  osculating  elements  obtained  by  Wyatt  et  al.  (1999)  to  construct  dynamical  models 
of  the  warp  in  HR  4796. 

theory  is  based  on  the  observation  of  a brightness  asymmetry  between  the  two  lobes  of 
the  disk  around  HR  4796A  (Telesco  et  al.  2000).  We  can  use  the  osculating  elements 
theorized  for  the  planet  (listed  in  Table  3-2)  and  information  from  the  observations 
about  HR  4796B  to  begin  to  make  simple  predictions  about  how  such  a system  will 
perturb  a dust  cloud  in  equilibrium  around  HR  4796 A. 

The  variation  of  I farced  with  respect  to  a depends  on  Mpianet/M^s,  apianetla^B, 
and  Imutuai-  The  mass  of  the  star  (0.38  Msun)  is  fairly  well  defined  and  obviously  much 
greater  than  the  mass  of  the  planet.  The  semi-major  axis  of  the  planet  is  assumed 
to  be  45  AU  based  on  modeling  the  lobe  brightness  asymmetry  and  the  semi-major 
axis  of  star  B is  assumed  to  be  its  projected  distance  of  517  AU.  If  we  define  the 
inclination  of  HR  4796B  as  20°  and  the  inclination  of  the  planet  to  be  0°,  we  can 
vary  the  mass  of  the  planet  to  produce  various  warps  (See  Figure  3-6).  The  warp  is 
evident  in  the  part  of  the  models  exterior  to  ~ |10|  AU.  Three  different  models  were 
run  for  various  planetary  masses:  0.1  Mjy,pUer  (solid  line),  1 MjupUer  (dotted  line)  and 
10  M Jupiter  (dashed  line)  producing  three  different  degrees  of  warping.  Interestingly, 
as  predicted  by  Wyatt  et  al.  (1999)  using  secular  perturbation  theory  diagrams 
similar  to  Figure  3-4,  the  degree  of  warping  is  largest  for  the  model  with  the  smallest 
planetary  mass,  Mp,a„e«  = 0.1  MjupUer.  This  is  because  if  Mpiar^et  < 0.1  Mj^pUer, 
then  the  symmetry  plane  of  the  system  is  aligned  with  HR  4796B,  which  we  have 
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Figure  3-5:  Infrared  observations  of  HR  4796.  A false  color  image  of  HR  4796  in  the 
IHW18  (18.2  fj,m)  wave  band  (Telesco  et  al.  2000).  A slight  warp  of  the  cloud  can 
be  seen  in  the  image,  especially  in  the  inner  most  contours  where  the  brightness  is 
represented  by  the  color  yellow.  It  is  uncertain  whether  this  warp  is  a real  effect  or 
due  to  incomplete  PSF  subtraction. 


assigned  an  inclination  of  20°.  If  Mpianet  >0.1  MjupUeri  then  the  symmetry  plane 
of  the  HR  4796  system  is  aligned  with  the  planet,  producing  in  the  above  case,  a 
smaller  warp.  Thus,  the  warp  of  the  system  depends  on  ImutuaU  but  the  alignment  of 
the  symmetry  plane  depends  on  the  mass  of  the  planet.  Although  the  observations 
of  HR  4796  only  show  a hint  of  a warp,  there  are  other  systems,  such  as  Pictoris 
which  show  a definite  warp  and  will  be  the  subject  of  future  investigations. 


The  magnitude  of  a possible  warp  in  the  plane  of  symmetry  of  a circumstellar 
dust  disk  can  be  determined  by  dynamical  modeling  and  it  is  possible  to  determine 
whether  a specific  space  craft,  such  as  the  Space  InfraRed  Telescope  Facility  (SIRTF), 
will  be  able  to  detect  a warp  in  a debris  disk.  We  find  that  SIRTF  will  only  be  able 


3.3  Heuristic  Models  of  Warped  Disks 
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Figure  3-6:  Characterizing  the  warp  in  HR  4796.  The  warp  is  evident  in  the  part 
of  the  models  exterior  to  ~ |10|  AU  (the  x axis  is  in  AU).  In  all  of  the  models, 
the  semi-major  axis  of  the  planet  is  45  AU,  the  semi-major  axis  of  HR  4796B  is 
517  AU,  the  inclination  of  the  planet  is  set  to  0°,  and  the  inclination  of  the  star 
is  set  to  20°.  The  eccentricities  and  nodes  were  the  same  as  in  previous  models 
(Wyatt  et  al.  1999).  The  mass  of  the  star  was  taken  to  be  0.38  Msuni  while  the 
mass  of  the  planet  was  varied.  Three  different  models  were  run  for  various  planetary 
masses:  0.1  MjupUer  (solid  line),  1 MjupUer  (dotted  line)  and  10  Mj^pUer  (dashed  line) 
producing  three  different  degrees  of  warping.  Interestingly,  as  predicted  by  Wyatt  et 
al.  (1999),  the  degree  of  warping  is  largest  for  the  model  with  the  smallest  planetary 

mass,  ^^planet  0.1  ^^Jupiter' 


to  detect  a very  extreme  warp.  SIRTF  will  not  be  able  to  detect  a small  warp,  similar 
to  that  seen  in  our  solar  system’s  zodiacal  cloud. 

3.3.1  Exo-zodiacal  Cloud  Model 

We  build  dynamical  models  of  dust  clouds  from  asteroidal  particles  which 
include  radiation  pressure  and  PR  drag.  The  particles  are  9/xm  in  diameter  and 
assumed  to  be  spheres  composed  of  astronomical  silicate.  The  radial  extent  of  the 
cloud  is  7.0  AU  (an  arbitrary  cutoff)  to  300.0  AU  and  the  particles  populate  the 
inner  solar  system  according  to  a 1/r  distribution  (PR  drag).  The  effects  of  forced 
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Figure  3-7:  Heuristic  variations  of  0.  farced  and  I farced-  (left)  The  variation  of  Q farced, 
the  forced  longitude  of  ascending  node  and  the  corresponding  Chebychev  polynomi- 
al fit.  (right)  The  variation  of  I farced,  the  forced  inclination  and  the  corresponding 
Chebychev  polynomial  fit.  There  is  a steep  step  functional  decrease  in  forced  incli- 
nation with  respect  to  semi-major  axis.  The  range  of  I farced  shown  here  is  very  large. 
These  curves  are  heuristic  variations,  though  they  demonstrate  how  a warp  would  be 
generated  in  a real  system. 


elements  are  included  in  the  model.  Specifically,  heuristic  ranges  of  both  I farced  and 
^farced  are  included  while  e farced  and  u farced  are  set  to  zero.  The  particles’  orbits  are 
then  distributed  through  a 3D  array  of  cells  and  a Line  of  Sight  Integrator  allows 
a model  to  be  viewed  as  it  would  appear  to  an  Earth-based  observer.  The  face  on 
optical  depth  of  the  cloud  is  r 1.2e-8.  The  optical  depth  for  the  zodiacal  cloud  is 
T ~ le-7,  so  the  model  cloud  is  quite  diffuse.  The  function  for  I farced  for  the  model 
is  a steep  step  functional  decrease  in  1 farced  ranging  from  ~ 30°  to  0°  with  respect 
to  increasing  a.  The  range  of  I farced  shown  here  is  very  large.  For  comparison,  in 
our  own  solar  system  I mutual  for  Jupiter  and  Saturn  is  « 1.19°.  A smaller  difference 
in  mutual  inclination  of  the  perturbers  produces  a correspondingly  smaller  variation 
ill  I forced  and  hence  a smaller  warp.  However,  for  demonstration  purposes,  we  have 
chosen  to  model  a disk  with  a large  warp  (Figure  3-7).  An  image  of  the  model  cloud 
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Figure  3-8:  Warped  model  cloud  viewed  at  1.35  pc  as  it  would  appear  in  the  70  yum 
wave  band  assuming  a SIRTF  sensitivity  limit  of  610  fxJy. 

as  viewed  edge  on  by  an  external  observer  at  1.35  pc,  assuming  a SIRTF  Multiband 
Imaging  Photometer  (MIPS)  slow  scan  mapping  sensitivity  of  610  nJy  (Rieke  1998), 
in  the  70  yum  wave  band  is  presented  in  Figure  3-8). 

3.3.2  Implications  for  SIRTF 

Listed  in  the  SIRTF  Science  Requirements  Document  are  several  candidate 
stars  with  possible  debris  disks.  The  closest  candidates  are  ot  Cen  A and  a Cen  B 
at  1.35  pc.  We  therefore  scale  the  brightness  of  our  model  to  the  MIPS  sensitivity 
requirements  for  the  70  //m  wave  band  at  this  distance.  We  then  filter  the  model  with 
a Gaussian  of  width  7 (~  A/D)  to  simulate  convolving  the  model  with  a stellar  PSF. 
Lastly,  we  convert  the  pixels  in  our  model  to  represent  the  5 ” pixel  width  of  MIPS  in 
super-resolution  mode.  A warp  in  the  cloud  is  clearly  evident  (see  Figure  3-9).  Thus, 
SIRTF  has  the  potential  to  detect  a significant  warp  in  large  disks  very  close  to  our 
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Figure  3-9:  Warped  model  as  it  would  appear  to  SIRTF.  (top)  The  model  viewed 
at  1.35  pc  as  it  would  appear  to  SIRTF  in  the  MIPS  70  /im  wave  band  using  the 
sensitivity  limit  of  610  ixJy  and  the  super-resolution  pixel  size  of  5 ” . 1 SIRTF  pixel 
in  super-resolution  model  is  equivalent  to  3 pixels  in  the  original  model,  (bottom)  A 
contour  plot  of  the  model  in  (a),  clearly  showing  the  warp. 


solar  system.  In  addition,  models  of  warped  clouds  were  run  with  radii  out  to  3.0  AU 
(representing  a zodiacal  disk)  and  40.0  AU  (representing  a solar  system  type  Kuiper 
disk).  However,  the  extent  of  these  disks  in  SIRTF  pixels  were  too  small  to  determine 
the  structure  of  any  asymmetries  when  viewed  at  1.35  pc.  It  may  only  be  possible 
for  SIRTF  to  map  asymmetries  in  large  nearby  disks  having  significant  warps,  such 
as  Pictoris.  However,  if  the  warp  in  the  debris  disk  is  small,  similar  to  the  warp  in 
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our  solar  system  s zodiacal  cloud,  SIRTF  MIPS  will  not  have  the  resolution  needed 
to  detect  the  asymmetry. 

M CORE  Observations  of  the  Offset  in  the  Zodiacal  Cloud 

Using  CORE  data,  we  determined  the  variation  with  the  longitude  of  the 
Earth  of  the  brightness  of  the  zodiacal  cloud  as  seen  at  the  north  and  south  ecliptic 
poles  in  the  12  and  25  //m  wave  bands.  The  north  and  south  polar  brightnesses,  N 
and  S,  from  the  bottom  plot  in  Figure  3-1  were  combined  to  yield  the  mean  of  the 
north  and  south  brightnesses,  {N  + S)/2  in  the  25  fim  wave  band.  For  the  12  /xm 
wave  band,  the  north  and  south  polar  brightnesses  from  the  upper  right-hand  plot 
in  Figure  3-3  were  combined  to  yield  the  average  polar  brightness  (see  Figure  3-10). 
The  variation  in  (A^  -f  S)/2  with  ecliptic  longitude  of  Earth  can  be  represented  as 
a superposition  of  two  sine  curves:  one  for  the  variation  in  {N  -F  S) /2  due  to  the 
Earth  s eccentric  orbit  and  the  other  for  the  variation  in  (A^  -(-  S)  j2  due  to  the  forced 
eccentricities  of  dust  particles  in  the  cloud.  If  the  cloud  were  symmetric  about  the 
Sun,  that  is,  if  there  were  no  offset,  the  maximum  and  minimum  brightnesses  of  the 
cloud  would  occur  at  perihelion  and  aphelion,  respectively.  As  seen  in  Figure  3-10 
the  minimum  of  the  sine  curve  fit  to  the  12  /xm  CORE  data  is  located  at  225. 7°±  2.6° 
and  the  minimum  of  the  sine  curve  fit  to  the  25  /xm  CORE  data  is  at  223. 8°±  3.0°, 
both  of  which  are  clearly  displaced  from  Earth’s  aphelion,  located  at  282.9°.  This 
demonstrates  that  the  center  of  symmetry  of  the  cloud  is  displaced  from  the  Sun. 

The  offset  in  the  center  of  symmetry  of  the  cloud  with  respect  to  the  Sun  is 
caused  by  the  forced  eccentricities,  e/o^ced,  of  the  dust  particles.  In  the  asteroid  belt, 
a particle  has  a forced  eccentricity  which  is  determined  by  the  perturbing  effect  of 
Jupiter.  The  forced  eccentricity  causes  the  particle  to  move  in  an  elliptical  orbit  with 
the  Sun  at  one  focus  instead  of  a circular  orbit  with  the  Sun  at  the  center. 
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Figure  3-10:  Offset  of  the  zodiacal  cloud  in  the  12  (left)  and  25  (right)  wave  bands. 
If  the  zodiacal  cloud  were  symmetric  about  the  Sun  (i.e.,  if  there  were  no  offset),  the 
maximum  and  minimum  (N-fS)/2  brightnesses  of  the  cloud  would  occur  at  perihelion 
and  aphelion,  respectively.  However,  the  minimum  of  the  COBE  curves  is  clearly 
displaced  from  Earth’s  aphelion  at  282.9°,  showing  that  the  center  of  symmetry  of 
the  cloud  is  displaced  from  the  Sun.  In  the  12  jj,m  wave  band,  the  minimum  of  the 
sine  curve  fit  to  the  COBE  data  is  225. 7°±  2.6°  and  in  the  25  fim  wave  band,  the 
minimum  is  223. 8°±  3.0°.  The  error  bars  for  the  COBE  data  are  smaller  than  the 
filled  circles  of  the  data  points. 


If  we  could  take  Figure  3-10  and  turn  off  the  effect  of  the  Earth’s  eccentricity, 
we  could  isolate  the  sine  curve  due  to  e forced-  When  we  do  this  for  a model  cloud  of 
asteroidal  particles,  however,  we  do  not  see  a variation  in  {N  -f  S)/2  for  two  reasons; 
1)  although  the  particle  orbits  are  circularized  due  to  Poynting- Robertson  light  drag 
(PR  drag),  the  wedge  shape  of  the  cloud  cancels  out  any  number  density  variation 
as  a function  of  radial  distance  and  2)  even  though  we  would  expect  the  orbits  of 
the  particles  to  be  more  densely  spaced  at  perihelion  than  at  aphelion  (provided 
all  the  particles  had  the  same  e forced  and  Co  forced),  due  to  Kepler’s  Second  Law  the 
particles  spend  less  time  at  perihelion  than  at  aphelion  effectively  canceling  out  any 
noticeable  effect  on  the  number  density.  However,  when  we  build  a new  model  cloud 
governed  by  a constant  distribution  of  particles  (1/r'’'  where  7 = 0)  instead  of  a 1/r 
distribution  due  to  PR  drag,  we  do  see  a sinusoidal  variation  in  {N  -t-  S)/2  with 
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ecliptic  longitude  of  Earth.  These  results  imply  that  the  particles  contributing  to 
the  observed  offset  do  not  have  a PR  drag  distribution,  that  is,  they  are  not  simply 
asteroidal  particles.  Future  work  will  determine  whether  cometary  particles  (having 
a theoretical  7 = 1.5),  collisionally  evolved  asteroidal  particles,  or  a combination  of 
both  types  of  particles  are  responsible  for  the  offset  of  the  center  of  symmetry  of  the 
zodiacal  cloud  (Holmes  et  al.  1998). 

3.5  ISO  Observations 

Launched  in  1995,  the  Infrared  Space  Observatory  (ISO)  observed  the  universe 
at  infrared  wavelengths  from  2.5  to  240  fxm  with  four  different  instruments:  ISOCAM, 
an  infrared  camera  (2.5  - 17  ISOPHOT,  an  imaging  photopolarimeter  (2.5  - 240 
//m),  ISO-LWS,  a long  wavelength  spectrometer  (43  - 196.7  fxm),  and  ISO-SWS,  a 
short  wavelength  spectrometer  (2.38  to  45.2  /xm).  From  December  8,  1997  through 
January  27,  1998  we  took  photometric  data  with  ISOPHOT  with  the  P03  and  P05 
Astronomical  Observation  Templates  (AOTs)  in  the  25  /xm  wave  band  in  order  to 
confirm  the  offset  of  the  center  of  symmetry  of  the  disk  with  respect  to  the  central 
star  as  initially  observed  by  the  COBE.  P03  is  a general  multi-filter  photometry 
AOT  and  P05  is  the  absolute  photometry  AOT.  As  shown  in  Table  3-3,  we  took  ten 
measurements  of  the  polar  brightness  for  each  pole  (north  and  south)  spanning  77° 
to  126°  longitude  of  Earth  with  the  180  arc  second  aperture.  Using  the  ISOPHOT 
Interactive  Analysis  Packet  version  8.0  (PIA  V8.0),  we  followed  the  standard  pipeline 
procedures  for  data  reduction  using  the  Fine  Calibration  Source  (ECS)  responsivities 
and  a color  correction  based  on  a black  body  model  with  T = 280  K,  the  approximate 
temperature  of  the  zodiacal  cloud  at  1 AU  (Gustafson  1994).  A comparison  of  the 
ISO  data  to  the  COBE  data  is  shown  in  Figure  3-11.  We  now  show  the  north  and 
south  polar  brightnesses  separately  for  comparison  with  ISO  data.  The  large  error 
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Table  3-3:  ISO  observations  of  the  north  and  south  polar  brightnesses  of  the  zodiacal 
cloud. 


Observation 

Longitude  of  Earth 

AOT 

NPOLABS 

107° 

P05 

NPOLl 

107° 

P03 

NPOL2 

110° 

P03 

NPOL3 

118° 

P03 

NPOL4 

77° 

P03 
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ISO  observations  of  the  north  and  south  polar  brightnesses  of  the  zodiacal  cloud.  The  ISO 
data  where  NPOL  and  SPOL  refer  to  observations  of  the  north  and  south  polar  brightnesses 
of  the  zodiacal  cloud.  The  P05  AOT  is  an  absolute  calibration  measurement  while  the  P03 
AOTs  are  relatively  calibrated. 


bars  of  the  ISO  data  come  from  PIA  version  8.0  processing  assuming  the  default  stray 
light  error  of  4 per  cent. 

In  Figure  3-11,  the  separate  north  and  south  polar  brightness  data  are  plotted 
for  the  ISO  data  and  the  COBE  data  and  a sine  fit  to  the  COBE  data  is  also  shown. 
From  Figure  3-11,  it  is  evident  that  the  COBE  data  and  the  ISO  data  have  very 
different  brightnesses  - the  average  ISO  brightness  is  almost  twice  that  of  COBE. 
However,  the  ISO  data  seem  to  roughly  conform  to  shape  of  the  COBE  curve.  This 
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Figure  3-11:  North  and  south  polar  brightness  curves  for  the  ISO  data  (top)  and 
COBE  data  (bottom) . The  north  polar  brightnesses  are  represented  as  triangles  and 
the  south  polar  brightnesses  are  shown  as  squares  for  both  the  ISO  and  COBE  data. 
Both  data  sets  were  color  corrected  in  the  same  fashion  for  comparison  purposes. 

leads  to  the  question  of  whether  a scale  factor  or  a baseline  shift  could  best  fit  the  ISO 
data  to  the  COBE  data.  In  Figure  3-12,  we  subtract  a somewhat  arbitrarily  derived 
baseline  of  10.4  MJy/sr  from  the  ISO  data  and  plot  the  resulted  shifted  data  points 
with  the  north  and  south  polar  brightness  sine  curve  fits  to  the  COBE  data.  Also 
plotted  are  the  values  of  the  root  mean  square  deviations  of  the  baseline  subtracted 
ISO  data  points  from  the  COBE  curve  for  both  north  and  south  poles.  Most  of  the 
northern  ISO  points  lie  above  the  northern  COBE  curve,  while  most  of  the  southern 
ISO  points  lie  below  the  southern  COBE  curve  implying  that  a shift  in  the  baseline 
is  not  adequate  to  explain  the  difference  in  the  ISO  and  COBE  data  points  - a scale 
factor  must  be  applied. 

Figure  3-13  shows  the  ISO  data  scaled  down  to  the  COBE  data.  This  is  a 
better  fit  since  now  the  residuals  are  smaller  and  most  of  the  points  seem  to  lie  closer 
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to  the  CODE  curve.  We  scaled  the  first  data  point  (NPOLl  and  SPOLl,  respectively) 
to  the  COBE  curve  for  the  appropriate  longitude  of  Earth,  to  get  a north  and  south 
scale  factor  which  we  averaged  together  to  create  a final  scale  factor  of  0.601.  This 
scale  factor  was  applied  to  the  north  and  south  polar  data  to  scale  them  down  to 
the  COBE  curves.  Also  plotted  are  the  values  of  the  root  mean  square  deviations 
of  the  scaled  ISO  data  points  from  the  COBE  curve  for  both  north  and  south  poles. 
For  both  the  north  and  south  poles,  the  rms  deviations  are  less  than  for  the  baseline 
subtracted  case  shown  in  Figure  3-12.  The  scale  factor  reduces  the  width  of  the  north 
and  south  data  points  which  proves  to  be  critical.  If  we  did  not  have  data  for  both 
the  north  and  south  poles  we  would  not  have  been  able  to  come  to  the  conclusion 


Figure  3-12:  Shifted  north  and  south  polar  brightness  data  are  shown  for  the  ISO  data 
points  (top)  and  COBE  curve  (bottom).  The  north  polar  brightnesses  are  represented 
as  triangles  and  the  south  polar  brightnesses  are  shown  as  squares  for  both  the  ISO 
and  COBE  data.  A baseline  of  10.4  MJy/sr  is  subtracted  from  the  ISO  data  to  better 
compare  it  with  the  COBE  data.  However,  the  north  pole  ISO  points  overestimate 
the  COBE  curve  while  the  south  pole  ISO  points  underestimate  the  curve,  implying 
that  the  width  of  the  ISO  data  will  not  match  the  width  of  the  COBE  curve  for  any 
baseline. 
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Figure  3-13:  Scaled  north  and  south  polar  brightness  data  are  shown  for  the  ISO 
data  points  (top)  and  CODE  curves  (bottom).  The  north  polar  brightnesses  are 
represented  as  triangles  and  the  south  polar  brightnesses  are  shown  as  squares  for 
both  the  ISO  and  COBE  data.  A scale  factor  for  the  north  pole  is  derived  by 
comparing  the  NPOLl  datum  to  the  corresponding  brightness  value  of  the  COBE 
sine  curve  fit  for  a Longitude  of  Earth  of  107°  and  a scale  factor  for  the  south  pole 
is  derived  by  comparing  the  SPOLl  datum  to  the  corresponding  value  of  the  COBE 
curve  for  a Longitude  of  Earth  of  99°.  These  scale  factors  are  averaged  to  yield  a 
final  scale  factor  of  0.601.  The  residuals  of  the  scale  factor  are  smaller  than  in  the 
baseline  shifted  case  and  thus  the  scale  factor  provides  a better  fit  to  the  data. 

that  a scale  factor  was  necessary  rather  than  just  a simple  shift  in  the  baseline.  Thus, 
the  two  sets  of  data  points  give  us  a constraint  on  the  correction  factor. 

COBE  observations  reveal  an  offset  in  the  center  of  symmetry  of  the  zodia- 
cal cloud  from  the  Sun.  If  the  zodiacal  cloud  were  symmetric  about  the  Sun,  the 
maximum  and  minimum  average  of  the  north  (N)  and  south  (S)  polar  brightness- 
es, {N  + S)/2,  of  the  cloud  would  occur  at  perihelion  and  aphelion,  respectively. 
However,  the  minimum  of  the  COBE  curve  is  displaced  from  aphelion  showing  that 
the  cloud  is  offset  from  the  Sun.  In  the  25  fj,m  wave  band,  we  show  the  ISOPHOT 
data  (P03  and  P05)  for  the  variation  in  the  north  and  south  polar  brightnesses  with 
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Ecliptic  Longitude  of  Earth.  It  is  evident  that  the  CODE  data  and  the  ISO  data 
have  very  different  brightnesses  - the  average  ISO  brightness  is  almost  twice  that  of 
CODE.  However,  the  ISO  data  seem  to  roughly  conform  to  shape  of  the  COBE  curve. 
A scale  factor,  as  opposed  to  a baseline  shift,  is  needed  to  properly  scale  the  width 
of  the  ISO  north  and  south  brightnesses  to  the  width  of  the  COBE  curve.  When  this 
scale  factor  is  applied,  the  ISO  data  do  confirm  the  COBE  results. 


CHAPTER  4 

RESONANT  STRUCTURE  IN  THE  KUIPER  DISK 


A Kuiper  dust  disk  will  have  a resonant  structure,  with  two  concentrations 
in  brightness  along  the  ecliptic  longitude  arising  because  10-15%  of  the  Kuiper  belt 
objects  are  in  the  3:2  mean  motion  resonance  with  Neptune.  The  estimated  brightness 
of  the  Kuiper  disk  in  the  60  ^.m  wave  band  is  expected  to  be  0.3  < Ikb{^)  < 16.0 
MJy/sr,  though  the  high  value  is  a poorly  constrained  upper  limit  (Teplitz  et  al. 
1999).  Making  simple  assumptions  about  the  size  frequency  distribution  of  bodies 
in  the  Kuiper  belt,  g,  the  diameter  of  the  largest  body  that  is  still  in  collisional 
equilibrium,  D^ax,  and  the  total  mass  of  the  Kuiper  belt,  Mcum,  we  should  be  able 
to  predict  the  brightness  of  the  Kuiper  disk  based  on  calculations  of  a cumulative 
area  distribution.  However,  in  Section  4.2  we  find  that  it  is  not  possible  to  make 
reasonable  predictions  for  the  brightness  of  a Kuiper  disk  since  the  parameters  used 
to  determine  the  cumulative  area  distribution,  Mcum,  D^axi  Q,  and  even  the  albedo 
of  dust  particles  in  the  Kuiper  belt  are  not  well  enough  determined  for  the  task. 

In  our  quest  to  ultimately  develop  a dynamical  model  of  the  Kuiper  disk, 
we  run  numerical  integrations  of  particles  originating  from  source  bodies  trapped 
in  the  3:2  resonance  and  we  determine  what  percentage  of  particles  remain  in  the 
resonance  for  a variety  of  particle  and  source  body  sizes.  Because  the  shape  of  the 
particles  is  not  known,  the  variable  we  use  to  denote  particle  size  is  /5,  the  ratio  of 
the  force  of  radiation  pressure  to  the  force  of  gravity.  The  dynamical  evolution  of  the 
particles  is  followed  from  source  to  sink  with  Poynting-Robertson  light  drag,  solar 
wind  drag,  radiation  pressure,  the  Lorentz  force,  neutral  interstellar  gas  drag,  and  the 
effects  of  planetary  gravitational  perturbations  included.  We  find  that  the  number  of 


58 


59 


particles  in  the  3:2  mean  motion  resonance  increases  with  decreasing  (i.e.,  increasing 
particle  size).  Consequently,  a size  frequency  distribution  for  a Plutino  disk  must  be 
weighted  toward  larger  particles  (i.e.,  those  with  smaller  Ps).  In  addition,  as  long  as 
the  potential,  U,  of  the  particles  is  small  {U  ~ 5P),  the  Lorentz  force  does  not  seem 
to  prevent  the  particles  from  remaining  in  resonance.  Similarly,  the  addition  of  the 
effect  of  neutral  interstellar  gas  drag  does  not  significantly  change  the  percentage  of 
particles  remaining  in  resonance. 


4.1  Introduction 

In  1943  and  1951  respectively,  Edgeworth  and  Kuiper  independently  speculat- 
ed that  planetary  material  may  lie  in  our  solar  system  beyond  the  orbit  of  Neptune 
(Jewitt  1999;  Edgeworth  1943;  Kuiper  1951).  In  1992,  Jewitt  and  Luu  discovered 
1992  QBl,  the  first  object  in  what  came  to  be  known  as  the  Kuiper  belt  or  the 
Edgeworth-Kuiper  belt  (Jewitt  and  Luu  1993).  As  of  September  2001,  more  than 
430  Kuiper  belt  objects,  or  KBOs,  have  been  discovered  (Parker  2001),  which  trans- 
lates into  an  estimated  1 x 10^  KBOs  with  diameters  greater  than  100  km  (Jewitt 
1999).  The  Kuiper  belt,  at  approximately  30  to  50  AU,  w'as  formed  either  because 
planet  formation  at  that  heliocentric  distance  did  not  occur  due  to  the  low  density 
of  planetesimals  and  the  long  encounter  time  scales  between  objects  and/or  because 
planetesimals  were  displaced  into  the  region  due  to  perturbing  encounters  with  young 
Uranus  and  Neptune  (Backman  and  Paresce  1993).  In  the  asteroid  belt,  collisions 
between  asteroids  supply  dust  particles  to  the  zodiacal  cloud,  the  Sun’s  inner  dust 
disk.  By  comparison,  it  has  been  postulated  that  collisions  between  KBOs  could  ini- 
tiate a collisional  cascade,  similar  to  that  in  the  asteroid  belt,  which  would  produce 
a Kuiper  dust  disk.  In  fact,  the  Kuiper  belt  is  the  region  of  our  solar  system  that  is 
most  analogous  to  the  planetary  debris  disks  we  see  around  other  stars  such  as  Vega, 
P Pic,  Fomalhaut,  and  e Eridani  (Backman  and  Paresce  1993).  In  this  chapter  we 
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discuss  the  properties  and  formation  of  the  Kuiper  belt,  how  it  relates  to  planetary 
debris  disks  around  other  stars,  and  the  resonant  structure  of  the  Kuiper  disk. 

4.1.1  Kuiper  Belt 


Figure  4-1:  A plot  of  the  known  Kuiper  belt  objects  with  data  obtained  from  the 
Minor  Planet  Center. 

Kuiper  belt  objects  are  divided  into  three  dynamical  classes:  Plutinos,  Clas- 
sical KBOs,  and  Scattered  KBOs  (SKBOs).  The  Plutinos  are  distinct  in  that  they 
reside  in  the  3:2  mean  motion  resonance  with  Neptune  at  a = 39.4  AU.  Pluto  also 
resides  in  this  resonance  (Malhotra  and  Williams  1998),  and  like  the  Plutinos,  avoids 
close  encounters  with  Neptune  by  being  an  aphelion  librator.  Approximately  35%  of 
the  observed  KBOs  are  Plutinos.  However,  once  the  current  observations  are  debi- 
ased,  Plutinos  probably  compose  10  to  15%  of  the  KBO  population  inside  50  AU, 
which  translates  into  an  estimated  10,000  - 15,000  Plutinos  with  diameters  greater 
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than  100  km  (Jewitt  et  al.  1998).  The  eccentricities  (0.1  < e < 0.34)  and  inclina- 
tions (10  < I < 20°)  of  the  Plutinos  bracket  the  values  of  Pluto  (e  = 0.25,/  = 17°). 
Other  resonances  such  as  the  4:3,  the  5:3,  and  the  2:1  resonance  are  also  somewhat 
populated  (see  Figure  4-1). 

The  Classical  objects,  which  account  for  approximately  two  thirds  of  the 
known  KBOs,  have  semi-major  axes  41  < a < 47  AU,  and  seem  unassociated 
with  resonances.  They  have  moderate  eccentricities  (e  0.1)  and  their  inclinations 
lay  in  the  range  0 < / < 32°)  (Jewitt  1999).  The  last  dynamical  class  of  KBOs, 
the  Scattered  KBOs,  has  more  than  four  members  at  the  present  time  (Trujillo  and 
Jewitt  2000).  The  first  member  to  be  discovered,  lOOGTLge  has  a semi-major  axis 
of  85  AU,  an  eccentricity  of  0.59,  and  an  inclination  of  24°  (Luu  et  al.  1997).  As 
a whole,  the  SKBOs  are  characterized  by  large  eccentricities,  large  semi-major  axes 
(>  50  AU),  and  perihelia,  q,  near  35  AU.  The  total  number  of  SKBOs  with  diameters 
larger  than  100  km  is  estimated  to  be  on  the  order  of  30,000.  The  SKBOs  are  thought 
to  have  been  scattered  by  Neptune  into  a scattered  disk  (Trujillo  and  Jewitt  2000). 
Lastly,  it  should  be  noted  that  the  observational  techniques  are  biased  toward  lower 
inclinations,  so  the  reported  range  of  inclinations  for  these  dynamical  classes  may  not 
coincide  with  the  actual  range  in  the  Kuiper  belt. 

4.1.2  Planetary  Debris  Disks 

Outside  our  solar  system,  the  Infrared  Astronomical  Satellite  (IRAS)  detected 
excess  far-infrared  emission  from  more  than  15%  of  all  nearby  main  sequence  A-K 
stars,  indicating  the  presence  of  circumstellar  dust  clouds  (Backman  and  Paresce 
1993,  Elachi  et  al.  1996).  In  particular,  dust  disks  have  been  imaged  around  Vega,  /3 
Pic,  Fomalhaut,  e Eridani,  and  HR  4796  A,  all  of  which  were  IRAS  excess  stars.  All 
of  these  systems  show  evidence  of  a central  clearing  of  material  (or  at  least  drastically 
reduced  density  in  the  inner  disk),  most  show  signs  of  asymmetries,  and  the  Poynting 
Robertson  drag  (PR  drag)  lifetimes  of  the  particles  in  the  disks  are  estimated  to  be 
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much  shorter  than  the  ages  of  the  stars  which  they  orbit  (Backman  and  Paresce  1993) 
indicating  that  the  grains  are  being  replenished.  As  an  example,  using  Equation  2.6, 
and  assuming  a particle  having  a radius  of  5 /xm,  a density  of  2.5  g/cm^,  and  a semi- 
major axis  of  300  AU,  which  is  orbiting  a star  of  luminosity  equal  60  Lq  (for  the  case 
of  Vega),  the  PR  drag  lifetime  is  5 x 10^  years,  while  the  age  of  Vega  is  approximately 
4 X 10*  years  (Backman  and  Paresce  1993). 

These  phenomenon  point  to  evidence  of  small  bodies  such  as  asteroids,  comets, 
KBO  like  objects,  or  planets  living  within  the  disks.  These  disks  are  thought  to  be 
most  analogous  in  scale  and  temperature  to  the  Kuiper  belt  (Backman  and  Paresce 
1993).  The  flux,  and  thus  the  detectability,  of  a circumstellar  dust  disk  is  most 
sensitive  to  the  area  rather  than  its  mass.  If  our  solar  system  were  studied  with  an 
instrument,  such  as  SIRTF,  from  the  approximate  distance  of  P Pic  (~  16  pc),  the 
only  component  of  our  planetary  system  likely  to  be  detected  would  be  the  theoretical 
Kuiper  disk  (Backman  and  Paresce  1993,  Backman  et  al.  1995,  Aumann  and  Good 
1990).  However  the  vertical  geometric  optical  depth  in  these  disks  is  several  orders 
of  magnitude  greater  than  expected  in  Kuiper  belt  models  which  account  for  a size 
distribution  that  includes  micron-sized  grains.  This  may  indicate  that  the  Kuiper 
belt  we  see  today  is  merely  a small  remnant  of  a primordial  denser  circumstellar  disk 
(Backman  et  al.  1997)  . 

4.2  Size-Frequency  Distribution  of  the  Kuiper  Disk 

As  Kuiper  belt  objects  continue  to  be  found,  the  existence  of  a Kuiper  dust 
disk  having  an  equilibrium  grain  population  orbiting  at  30  to  50  AU  has  been  pos- 
tulated (Backman  et  al.  1995).  As  such  a disk  has  not  yet  been  observed,  many 
theoretical  questions  remain  about  the  size-frequency  distribution  of  the  particles  in 
the  disk,  the  evolution  of  the  disk  and  subsequent  implications  for  the  detectability 
of  the  Kuiper  disk  from  existing  or  future  observations. 
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The  size-frequency  distribution  of  the  asteroid  belt  (and  the  Kuiper  belt)  can 
be  described  by 

^ = D,  (4.1) 

where  Dg  is  a constant,  D is  the  diameter  of  the  smallest  particle  being  considered, 
dN  is  the  number  of  particles  in  a bin  of  width  dD,  and  p is  a constant  that  indicates 
whether  the  particles  are  in  collisional  equilibrium,  a state  in  which  there  is  a bal- 
ance between  grain  creation  (by  collisions)  and  grain  removal  (by  radiation  pressure, 
Poynting-Robertson  light  drag,  mutual  destructive  collisions,  and  sublimation)  from 
the  system.  The  constant  p can  be  written  as 

p = 3(g-l)  (4.2) 


where  q is  the  size- frequency  index.  A system  in  collisional  equilibrium  has  a size- 
frequency  index  oi  q = 1.83,  and  correspondingly,  a p equal  to  2.5  (Dohnanyi  1969). 
The  cumulative  number  of  particles  with  diameters  greater  than  D is  given  by 

B)  = 1 (4.3) 

assuming  that  D Dmax,  where  Dmax  is  the  diameter  of  the  largest  body  in  the 
distribution  and  p > 1,  which  is  the  case  for  collisional  equilibrium.  The  distribution 
of  area  for  the  system  can  be  written  as 


dA  = 


(4.4) 


where  tc/{4D‘^)  is  the  area  of  an  individual  particle  of  diameter  D.  Integrating  E- 
quation  4.4  from  Dmim  the  diameter  of  the  smallest  particles  in  the  distribution,  to 
Dmax  and  using  Equation  4.1  yields 

Agum  = / jDl  D-^^-^UD.  (4.5) 

If  p > 2,  which  is  the  case  for  collisional  equilibrium,  using  Equation  4.2,  the  cumu- 
lative area  can  be  written  as 


_ ''  ^min  I \ 

4(3j-5)  V 


(4.6) 
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In  this  p > 2 case,  the  area  is  dominated  by  small  particles  and  Acum  is  independent 
of  Dmax-  If  we  assume  that  each  particle  has  a mass  of  rUp  = where  p is  the 

density  of  a given  particle,  a cumulative  mass,  Mcum,  can  be  calculated  from  a mass 
increment,  dM: 


dM  = nip  dN 


(4.7) 


= / ""  dN  (4.8) 

-^min 

If  p < 3,  which  is  true  for  collisional  equilibrium,  then  the  mass  is  dominated  by  large 
particles  and  the  cumulative  mass  can  be  expressed  as 


M = —D 

^^^CUTYl  „ 


6 "(3-p)  Do 


(4.9) 


Figure  4-2:  Cumulative  surface  area  for  the  asteroid  belt  (assuming  a Dq  of  201 
km,  appropriate  for  a D^ax  ~ 229  km)  associated  with  q = 1.83,  the  theoretical 
collisional  equilibrium  value  of  the  size-frequency  index  (Dermott  et  al.  1999a). 


There  are  two  different  ways  to  determine  Dg.  In  the  first  method,  we  assume 
that  the  dust  disk  or  dust  band  is  formed  from  an  original  asteroid  or  Kuiper  belt 
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object  that  has  mass  Mh  and  diameter  Dh-  If  we  take  the  diameter  of  the  largest 
fragment,  which  has  survived  a dust  generating  impact,  to  be  x Dh,  where  x < 1, 
we  can  write  Equation  4.9  as 


7rp  Dl 


^cum  — ^ Tg  N 

6 (3-p) 


xD 


H 


1 (3-p) 


(4.10) 


where  x Dh  has  replaced  D^ax  from  Equation  4.9.  For  the  calculations  in  this 
dissertation,  x is  assumed  to  be  0.5.  With  some  manipulation  and  given  that  Mh  = 
7^pD%/6,  we  can  solve  for  Do'. 


£>.= 


j;(3-p) 


Dh. 


(4.11) 


This  approach  is  appropriate  for  a dust  disk  generated  by  one  asteroid  or  KBO.  It 
does  not  take  into  consideration  multiple  objects  with  the  same  Figure  4-2 

shows  the  cumulative  surface  area  of  material  associated  with  the  distribution  of 
particles  in  the  asteroid  belt  assuming  a Dg  of  ~ 201  km  for  the  q = 1.83  value  for 
collisional  equilibrium,  as  well  as  values  of  q that  bracket  the  collisional  equilibrium 
value  (Dermott  et  al.  1999a).  The  geometrical  area  shown  in  Figure  4-2  increases 
linearly  to  infinity,  but  the  effective  geometrical  area  associated  with  particles  com- 
posed of  astronomical  silicate  remains  at  a constant  value  for  particles  <0.1  pm, 
since  the  emission  efficiency  of  particles  <0.1  pm  approaches  zero.  In  addition, 
particles  smaller  than  ~ 1 pm  will  tend  to  be  ejected  by  radiation  pressure  or  de- 
stroyed by  collisions.  Consequently,  particles  <0.1  pm  were  not  considered  in  the 
size  distributions  (Grogan  1997). 

The  second  approach  to  obtaining  a value  for  Dg  is  to  assume  an  appropriate 
value  for  D^ax,  set  Mcum  equal  to  the  total  mass  of  the  system  for  which  the  bodies 
have  the  same  size- frequency  index,  and  then  solve  Equation  4.9  for  Dg.  For  the 
case  of  collisional  equilibrium,  D^ax  is  the  size  of  the  largest  body  still  in  collisional 
equilibrium  and  Mcum  is  the  total  mass  of  the  system  for  bodies  with  diameters  in 
the  range  from  Dmin  to  Dmax- 
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Both  of  the  methods  for  determining  Do  are  appropriate  for  the  dust  bands  and 
the  background  zodiacal  cloud  since  all  of  the  crucial  parameters  {q,  Dmaxi  and  Mcum) 
are  well  constrained  (Durda  and  Dermott  1997).  Using  data  from  the  Palomar-Leiden 
Survey  of  faint  asteroids,  Durda  and  Dermott  (1997)  determined  Dmax  for  main  belt 
asteroids  to  be  30  - 100  km,  and  determined  q to  be  1.78  ± 0.02,  which  is  very  close 
to  the  value  for  collisional  equilibrium  (i.e.,  q = 1.83).  In  addition,  since  p < 3,  the 
mass  is  dominated  by  the  large  particles,  that  is,  the  asteroids.  The  mass  of  the 
asteroid  belt  is  approximately  3 x 10“^  (Cox  2000). 

The  size-frequency  distribution  of  Kuiper  belt  objects,  on  the  other  hand,  is 
poorly  constrained.  Only  ~ 430  KBOs  have  been  discovered  to  date  (Parker  2001), 
compared  to  several  thousand  asteroids,  so  the  values  for  Dmax  and  Mcum  are  less 
well  constrained  for  the  Kuiper  belt  than  they  are  for  the  asteroid  belt.  This  allows 
for  a very  wide  range  of  Do,  on  which  Acum  and  the  total  surface  brightness  of  the 
cloud,  BtotaiWi  depends  highly.  It  is  not  known  if  the  Kuiper  belt  is  in  collisional 
equilibrium,  which  means  that  the  constraints  on  q are  also  poor.  However,  by 
making  some  reasonable  choices  for  Mcum,  Dmax,  and  q,  we  attempt  to  calculate  the 
surface  brightness  of  the  Kuiper  disk.  First,  a value  for  Mcum,  or  the  total  mass 
of  the  Kuiper  belt,  Mkb,  must  be  chosen.  The  total  mass  of  the  Kuiper  belt  is 
estimated  to  be  0.1  < M^b  < 0.3M®  (Backman  et  al.  1995,  Jewitt  et  al.  1998). 
Jewitt  et  al.  (1998)  used  Pluto’s  diameter  {Dpiuto  ~ 2300  km)  as  an  initial  estimate 
for  Dmax  and  through  collisional  modeling  found  no  evidence  of  an  upper  limit  for 
the  diameters  of  Kuiper  belt  objects.  However,  a lower  limit  of  Dmax  > 500  km 
has  been  established.  In  regard  to  the  size  frequency  index,  Jewitt  et  al.  (1998) 
estimated  that  1.83  < q < 2.17,  which  is  compatible  with  a collisional  equilibrium 
size-frequency  index.  The  Kuiper  dust  disk  is  predicted  to  be,  at  most,  a few  percent 
of  the  brightness  of  the  zodiacal  cloud  (Dermott  et  al.  1999,  Backman  et  al.  1995, 
Teplitz  et  al.  1999)  from  COBE  upper  limits.  For  the  60  fim  wave  band,  Teplitz 
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et  al.  (1999)  reports  four  different  upper  limits  for  the  signal  from  the  Kuiper  belt, 
The  estimated  brightness  is  expected  to  be  0.3  < Ikb{^)  < 16.0  MJy/sr, 
though  the  high  value  is  a poorly  constrained  upper  limit. 

By  assuming  a radial  distance,  R,  an  emissivity,  and  an  albedo,  we  can 
calculate  the  surface  brightness,  Btotai{^)^  of  the  dust  at  R.  For  the  asteroid  belt  we 
assume  a radial  distance  of  3 AU,  an  albedo  of  0.06,  and  e = 0.9.  For  the  Kuiper 
belt,  we  assume  a radial  distance  of  40  AU,  an  emissivity  of  0.9,  and  an  albedo  of 
0.04.  The  expression  for  the  brightness  in  terms  of  the  cumulative  area  is  given  as 

(4.12) 

/?  TTsin  (y) 

where  Bi,  is  the  black  body  Planck  function  given  by 


Bu 


2hu^  1 

^2  ghu/kT  _ 


(4.13) 


and  6 denotes  the  latitude  range  over  which  we  expect  the  dust  torus  to  extend.  For 
both  the  asteroid  belt  and  the  Kuiper  belt,  we  assume  9 ~ 10°,  which  corresponds  to 
the  average  inclination  of  a typical  body  in  either  disk.  The  mean  inclination  for  a 
large  main  belt  asteroid  is  roughly  10°  and  as  mentioned  previously  the  inclinations 
of  the  Plutinos  (10  < / < 20°)  bracket  the  value  for  Pluto  (/  = 17°),  and  10°  is 
therefore  a conservative  estimate  for  the  extent  of  the  Kuiper  disk  torus. 

From  Equation  4.12,  the  surface  brightness  of  the  dust  torus  that  would  be 
included  in  a line  of  sight  (LOS)  integration  of,  for  instance  a SIMUL  model  (See 
Appendix  A),  can  be  calculated.  The  beam  size  of  the  LOS  integrator  is  dependent 
on  three  parameters:  (1)  rstep,  the  step  size  in  radial  direction,  (2)  tstep,  the  step 
size  in  ecliptic  longitude,  and  (3)  pstep:  the  step  size  in  ecliptic  latitude.  Rstep  is 
assumed  to  be  zero  since  the  dust  particles  for  this  first  order  estimate  are  all  taken 
to  lie  at  the  same  distance  from  the  Sun,  R.  The  smallest  tstep  for  the  integrator  is 
3°.  (For  comparison,  each  COBE  pixel  is  roughly  0.32°  x 0.32°  (Hauser  et  al.  1998).) 
The  particles  are  assumed  to  have  a maximum  inclination,  I,  of  10°,  making  the 
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Figure  4-3:  Cumulative  surface  area  for  the  asteroid  belt  (top)  assuming  a D^ax  = 50 
km  and  Mcum  = 0.0003M®  for  size-frequency  indices  q = 1.80, 1.83,  and  1.86.  (bot- 
tom) The  cumulative  surface  area  for  the  Kuiper  belt  assuming  a D^ax  = 2300  km, 
the  diameter  of  Pluto,  and  Mcum  — O.IM0  for  size-frequency  indices  q = 1.80, 1.83, 
and  1.86. 
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height  of  the  dust  ring  2i?tan  10°.  In  order  to  compare  the  total  brightness  to  those 
obtained  by  the  LOS  integrator,  we  take  a slice  of  the  dust  torus,  which  is  defined 
by  the  step  size  of  our  LOS  integrator  in  longitude  (3°).  The  fractional  slice,  Sf  is 
given  by  3°/360°  ~ 0.0083,  making  the  LOS  brightness,  Biosiy)  0.83%  of  the  total 
brightness,  Btotai{i^)- 

Blos[^)  = SfBtotaii^)-  (4-14) 

The  brightness  values  we  calculate  for  the  Kuiper  disk  in  Figures  4-4  to  4-6  are 
much  higher  than  all  of  the  upper  limits  quoted  by  Teplitz  et  al.  (1999).  Although 
the  upper  limit  of  16  MJy/sr  does  not  seem  too  different  from  the  results  presented 
here,  that  limit  is  the  weakest  one  since  it  is  merely  the  full  CODE  DIRBE  infrared 
signal  given  in  Backman  et  al.  (1995).  The  other  limits  of  0.3,  1.50,  and  0.75  MJy/sr 
were  obtained  in  the  following  fashion.  The  1.50  MJy/sr  limit  is  a 2 cr  limit  found  by 
Hauser  et  al.  (1999),  while  the  0.75  MJy/sr  value  was  a standard  deviation  given  by 
Hauser  et  al.  (1999).  The  smallest  limit  for  the  60  fim  wave  band,  Ikb  = 0.3  MJy/sr, 
was  obtained  by  the  subtraction  of  the  component  of  the  COBE  data  due  to  asteroidal 
emission  using  the  Reach  et  al.  (1998)  zodiacal  cloud  model.  In  Chapter  5,  we  aim 
to  further  explore  the  subtraction  of  the  zodiacal  cloud  component  from  the  COBE 
data  using  a more  sophisticated  model  than  was  available  to  Reach  et  al.  (1998).  In 
conclusion,  at  the  present  time,  it  is  not  possible  to  make  reasonable  predictions  for 
the  brightness  of  a Kuiper  disk  since  the  parameters  used  to  determine  the  cumulative 
area  distribution,  Mcumi  D^axi  Qi  and  even  the  albedo  of  dust  particles  in  the  Kuiper 
belt  are  not  well  enough  determined  for  the  task. 
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Figure  4-4:  The  total  brightness  in  MJy/sr  versus  cumulative  area  for  the  asteroid 
belt  (top)  and  Kuiper  belt  (bottom)  assuming  a cumulative  mass  of  the  Kuiper  belt 
of  Mcum  — O.IM©.  The  calculated  brightness  for  the  Kuiper  belt  is  significantly 
higher  than  the  upper  limits  given  by  Teplitz  et  al.  (1999).  The  total  brightness 
for  the  asteroid  belt  (top)  is  calculated  for  this  dissertation  assuming  a density  of 
p = 2500  kg/m^,  an  albedo  of  0.06,  a constant  emissivity  of  0.9,  R = 3 AU,  Dmax  = 
50  km,  and  Mcum  = 0.0003M®  for  size-frequency  indices  q = 1.80,1.83,  and  1.86. 
(bottom)  The  total  brightness  for  the  Kuiper  belt  is  calculated  assuming  an  albedo 
of  0.04,  a constant  emissivity  of  0.9,  R = AO  AU,  Dmax  = 2300  km,  Mcum  = O.IM®, 
and  a density  of  2030  kg/m^  for  size-frequency  indices  q = 1.80,1.83,  and  1.86. 
The  predicted  brightnesses  are  a function  of  particle  diameter,  and  as  such,  the 
brightnesses  corresponding  to  particles  of  1,  10,  and  100  p,m  are  labeled  with  crosses. 
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Figure  4-5:  Line  of  sight  (LOS)  brightness  in  MJy/sr  versus  cumulative  area  for 
the  asteroid  belt  (top)  and  Kuiper  belt  (bottom)  assuming  a cumulative  mass  of 
the  Kuiper  belt  of  Mcum  = O.IM®.  The  calculated  brightness  for  the  Kuiper  belt 
is  significantly  higher  than  the  upper  limits  given  by  Teplitz  et  al.  (1999).  The 
LOS  brightness  for  the  asteroid  belt  (top)  is  calculated  assuming  a density  of  p = 
2500  kg/m^,  an  albedo  of  0.06,  a constant  emissivity  of  0.9,  R = 3 AU,  D^ax  = 
50  km,  and  Mcum  = O.OOO3M0  for  size-frequency  indices  q = 1.80, 1.83,  and  1.86. 
(bottom)  We  calculate  the  LOS  brightness  for  the  Kuiper  belt  assuming  an  albedo 
of  0.04,  a constant  emissivity  of  0.9,  R = 40  AU,  D^ax  = 2300  km,  Mcum  = O.IM®, 
and  a density  of  2030  kg/m^  for  size- frequency  indices  q = 1.80,1.83,  and  1.86. 
The  predicted  brightnesses  are  a function  of  particle  diameter,  and  as  such,  the 
brightnesses  corresponding  to  particles  of  1,  10,  and  100  pm  are  labeled  with  crosses. 
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Figure  4-6:  Total  brightness  (top)  and  LOS  brightness  (bottom)  for  the  Kuiper  belt 
with  the  same  parameters  in  Figures  4-4  and  4-5  except  that  Mcum  = 0.3M®.  The 
brightness  we  calculate  for  the  Kuiper  belt  is  significantly  higher  than  the  upper 
limits  given  by  Teplitz  et  al.  (1999). 
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4.3  Resonant  Structure:  Mean  Motion  Resonances 

If  a Kuiper  disk  exists,  it  would  most  likely  have  a resonant  structure,  with  two 
concentrations  in  brightness  along  the  ecliptic  longitude  (see  Figure  4-7).  The  struc- 
ture arises  from  dust  particles  originating  from  the  Plutinos,  the  Kuiper  belt  objects 
trapped  in  the  3:2  mean  motion  resonance  with  Neptune,  meaning  the  particles  orbit 
the  Sun  twice  for  every  three  times  Neptune  completes  an  orbit  (See  Figure  4-8).  We 
build  a simple  model  of  a Plutino  disk  which  is  shown  in  Figure  4-7.  The  particles  in 
the  model  are  all  one  size:  they  are  assumed  to  be  large  with  a /3  = F^ad/Pgrav  ~ 0. 
The  particles’  orbits  are  distributed  through  a three  dimensional  array  of  cells  and 
a Line  of  Sight  Integrator  allows  the  model  to  be  viewed  as  it  would  appear  in  the 
70  fim  wave  band  in  a coordinate  frame  that  co-rotates  with  Neptune.  Note  the 
presence  of  the  two  lobes.  A disk  of  particles  trapped  in  a p 4-  1 : p external  mean 
motion  resonance  will  have  p lobes,  which  are  located  at  the  particle’s  pericenters. 
In  the  rotating  frame,  the  lobes  are  caused  by  the  fact  that  the  angular  velocity  of 
the  particles  at  pericenter  becomes  comparable  to  that  of  the  velocity  of  the  rotating 
frame  (Murray  and  Dermott  1999).  The  circle  in  the  middle  represents  the  Sun  and 
is  not  part  of  the  model.  The  position  of  Neptune  would  lie  90°  from  the  two  lobes, 
since  the  Plutinos  are  aphelion  librators.  Essentially,  Figure  4-7  represents  a snapshot 
of  how  the  resonant  cloud  would  appear,  since  the  lobes  co-rotate  with  Neptune;  the 
positions  of  the  lobes  will  change  with  time  with  respect  to  a non-Neptunian  refer- 
ence point.  For  example,  in  January  of  2001  Neptune’s  geocentric  ecliptic  longitude 
is  ~ 126°  (U.  S.  Naval  Observatory  and  Royal  Greenwich  Observatory  2001)  and  the 
geocentric  ecliptic  longitudes  of  the  lobes  would  be  36°  and  216°.  In  December  of  2001 
Neptune’s  geocentric  ecliptic  longitude  is  ~ 128°  and,  correspondingly,  the  geocentric 
ecliptic  longitudes  of  the  lobes  would  be  38°  and  218°,  demonstrating  that  this  signal 
is  time  varying.  Since  the  Plutinos  populate  the  densest  and  closest  resonance  to  the 
inner  edge  of  the  Kuiper  belt  (see  Figure  4-1),  dust  from  these  bodies  would  generate 
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Figure  4-7:  Model  of  a Plutino  disk.  The  particles  in  the  model  are  assumed  to  be 
large  300  /im  in  diameter)  with  a /3  = Frad/Fgrav  ~ zero.  The  particles’  orbits  are 
distributed  through  a three  dimensional  array  of  cells  and  a Line  of  Sight  Integrator 
allows  the  model  to  be  viewed  as  it  would  appear  in  the  70  /rm  wave  band  in  a 
coordinate  frame  that  co-rotates  with  Neptune.  Note  the  presence  of  the  two  lobes. 
A disk  of  particles  trapped  in  a p + 1 : p external  mean  motion  resonance  will  have  p 
lobes,  which  are  located  at  the  particle’s  pericenters.  In  the  rotating  frame,  the  lobes 
are  caused  by  the  fact  that  the  angular  velocity  of  the  particles  at  pericenter  becomes 
comparable  to  that  of  the  velocity  of  the  rotating  frame  (Murray  and  Dermott  1999). 
The  circle  in  the  middle  represents  the  Sun  and  is  not  part  of  the  model.  The  position 
of  Neptune  would  lie  90°  from  the  two  lobes,  since  the  Plutinos  are  aphelion  librators. 
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Figure  4-8:  A Plutino  in  the  3:2  mean  motion  resonance  with  Neptune.  The  Plutino 
will  orbit  the  Sun  twice  for  every  three  times  that  Neptune  completes  an  orbit. 

the  brightest  emission.  This  Plutino  resonant  ring  is  similar  in  nature  to  the  resonant 
ring  of  dust  particles  co-rotating  with  the  Earth  (Dermott  et  al.  1994b,  Jayaraman 
1995,  Jayaraman  et  al.  2001).  Ultimately,  the  resonant  structure  in  the  Kuiper  disk 
may  be  detectable  using  data  from  CODE  or  SIRTE.  The  main  impediment  to  de- 
tecting the  Plutino  ring  is  that,  since  it  is  located  at  approximately  39.4  AU,  it  will  be 
very  faint.  Many  brighter  layers  of  emission  will  need  to  be  subtracted  from  the  data 
before  the  faint  residuals  can  be  studied  for  traces  of  the  Plutino  resonant  structure. 
A search  for  the  resonant  structure  in  the  Kuiper  disk  in  the  CORE  DIRBE  weekly 
skymap  data  set  is  detailed  in  Chapter  5.  Shown  in  Figure  4-9  is  a similar  model  to 
that  shown  in  Figure  4-7  but  with  a non-zero  libration  width.  Note  how  the  lobes 
are  still  visible,  but  have  a smoothed  appearance. 

The  goal  of  the  following  subsections  is  to  calculate,  first  analytically  and 
then  numerically,  the  percentage  of  particles  that  stay  in  or  become  trapped  in  the 
3:2  mean  motion  resonance  for  a given  set  of  initial  conditions. 
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Figure  4-9:  A model  of  a Kuiper  disk  from  asteroidal  particles  (with  a distribution  of 
eccentricities  and  inclinations)  in  the  3:2  mean  motion  resonance  with  Neptune  with 
a non  zero  libration  amplitude.  This  model  is  similar  to  that  in  Figure  4-7  but  with 
a non-zero  libration  width,  which  is  represented  by  a Gaussian  distribution  of  width 
~ 30°.  The  two  lobes  are  still  visible  but  have  a smoothed  appearance. 


4.3.1  Source  Bodies 


Particles  are  generated  in  the  Kuiper  belt  by  the  breakup  of  Kuiper  belt 
objects.  If  a parent  body  has  orbital  elements  (a^,  e^,  4 fig,  cDg),  then  the  collisional 
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by  products  of  that  parent  body  have  a range  of  orbital  elements  (An,  Ae,  A/,  AQ, 
Ath).  We  can  determine  if  particles  will  stay  in  a given  resonance  by  comparing  Aa 
with  the  libration  width,  for  that  particular  resonance.  If 


Aa  < 6aL 


(4.15) 


then  particles  will  stay  in  the  resonance,  at  least  initially.  We  can  calculate  Aa  by 
making  the  following  assumptions.  The  escape  velocity  a particle  needs  to  leave  its 
parent  body  is 

(4.16) 

where  G = 6.67  x 10~®  cm^  g“^  s“^  is  the  solar  gravitational  constant  and  Mg  and 
Rg  are  the  mass  and  radius  of  the  parent  body,  respectively.  Gauss’s  equations  of 
motion  (Brouwer  and  Glemence  1961;  Zappala  et  al.  1984)  can  be  used  to  relate 
changes  in  orbital  elements  of  the  particle  with  changes  in  velocity.  By  assuming  a 
certain  velocity  dispersion,  we  can  deduce  a maximum  dispersion  in  semi-major  axis 
which  can  be  compared  to  the  libration  width.  Gauss’s  equations  are 
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(4.18) 
(4.18) 


where  Avt,  Avr,  and  Auj.  are  the  dispersions  in  the  tangential,  radial,  and  perpen- 
dicular components  of  the  particles’  velocities,  respectively.  Zappala  et  al.  (1984) 
estimate  the  average  components  of  the  velocity  dispersion  are  equal  to  each  other 
{Avt  = Avr  = Aux)  and  the  sum  of  the  squares  of  each  component  roughly  equals 
the  average  escape  velocity  of  the  particles.  Thus,  if  we  assume  the  collisions  dis- 
perse particles  isotropically,  we  can  derive  an  estimate  of  the  dispersion  in  tangential 
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velocity  from  the  escape  velocity: 


Avt^Avr^  Av^^^ 

Vs 


(4.20) 


The  mean  motion  of  the  particle,  n,  can  be  calculated  assuming  it  depends  on  the 
semi-major  axis  of  the  resonance.  In  the  case  of  the  3:2  External  resonance  with 
Neptune,  a'  — 39.4  AU  and  n'  = 27r/a'^^^  — 2.54  x 10“^  So,  Aa  can  now  be 

written  as 


Aa  ^ R.  I 


(4.21) 


where  ps  is  the  density  of  the  parent  body  = 2 g/cm^  for  the  Plutinos).  From 


Figure  4-10:  Aa,  in  AU,  as  a function  of  the  diameter,  in  km,  of  the  parent  Plutino 
from  which  the  the  dust  particles  escape.  Note  that  Aa  is  a linear  function  of  diam- 
eter. The  parent  Plutino  is  assumed  to  have  a semi-major  axis  of  39.4  AU  and  to  lie 
in  the  3:2  mean  motion  resonance  with  Neptune. 


Equation  4.21,  we  can  see  that  Aa  is  a function  of  Rg  and  the  semi-major  axis  at 
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which  the  resonance  is  located.  Figure  4-10  shows  the  variation  in  Aa  for  different 
sized  source  bodies.  Collisions  between  particles  are  not  considered  for  the  sake  of 
simplicity.  However,  in  future  work,  a collisional  model  such  at  that  described  in 
Gustafson  et  al.  (1992)  could  be  applied  to  the  breakup  of  KBO  source  bodies. 

4.3.2  Analytical  Predictions  for  Trapping 

Micron  sized  dust  particles  can  be  generated  in  the  Kuiper  belt  by  the  breakup 
of  Kuiper  belt  objects.  The  sizes  of  the  source  bodies  and  the  sizes  of  the  particles 
themselves  determine  whether  the  particles  will  become  trapped  in  a particular  reso- 
nance. For  instance,  particles  generated  from  a parent  body  larger  than  ~ 60  km  in 
diameter  will  not  all  become  trapped  in  the  resonance,  since  the  dispersion  in  initial 
semi-major  axis  of  dust  particles  that  escape  from  a 60  km  diameter  source  body  will 
be  greater  than  the  libration  width. 

Trapping  is  also  a function  of  the  size  of  the  particle.  For  particles  less  than 
~ 500  /xm,  radiation  pressure  plays  a significant  role.  The  location  of  the  resonance 
is  a function  of  /3,  where  /3  is  equal  to  the  ratio  of  radiation  pressure  force  to  the 
force  of  gravity  (see  Equation  2.4).  As  0 increases,  the  location  of  the  resonance,  a', 
moves  further  inward  (see  Table  4-1). 


Particles  with  a high  enough  value  of  0 will  get  “blown  out”  of  the  maximum  libration 
width  and  will  not  remain  in  resonance,  at  least  initially.  Due  to  Poynting- Robertson 
light  drag,  they  could  eventually  spiral  into  orbits  with  smaller  and  smaller  semi- 
major axes  until  they  become  trapped  in  the  resonance,  or  they  could  become  trapped 


a 


(1-/3)'/’ 


(4.22) 


(4.23) 
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Table  4-1:  Location  of  the  3:2  external  mean  motion  resonance  as  a function  of 

P ^rad/ ^grav 


Sphere 

Diameter 

0 

o-'p 

(AU) 

4 

0.12928 

37.61 

7 

0.07104 

38.43 

10 

0.04868 

38.74 

13 

0.03688 

38.90 

20 

0.02343 

39.08 

50 

0.00905 

39.27 

100 

0.00446 

39.33 

- 

0 

39.39 

Location  of  the  3:2  external  mean  motion  resonance  as  a function  of  /S  = F^ad/ Fgrav 
The  particle  diameters  are  obtained  by  assuming  the  particles  are  spheres  composed  of 
astronomical  silicate.  However,  the  calculations  in  this  dissertation  are  performed  as  a 
function  of  (3,  which  allows  for  a wider  assumption  of  particle  sizes  and  shapes.  /5  is  highly 
dependent  on  particle  mass,  but  less  dependent  on  particle  shape  or  structure  (Gustafson 
et  al.  2001). 


in  the  other  resonances  that  populate  the  inner  Kuiper  belt,  such  as  the  2:1  or  the  5:3 
mean  motion  resonances.  It  is  necessary  to  run  numerical  integrations  to  understand 
this  complicated  behavior;  however  we  can  make  some  analytical  predictions  about 
it. 

Neglecting  all  forces  except  PR  drag,  radiation  pressure,  and  gravity,  we  can 
calculate  the  minimum  value  of  the  eccentricity  a particle  needs  to  have  to  become 
trapped  in  the  3:2  resonance,  as  well  as  the  smallest  size  particle,  corresponding  to  a 
maximum  value  of  that  can  be  trapped  (Dermott  et  al.  1988,  Weidenschilling  and 
Jackson  1993,  Jayaraman  1995). 

To  find  the  minimum  eccentricity  a particle  must  have  to  become  trapped  in 
an  external  mean  motion  resonance,  we  must  equate  the  magnitude  of  the  change 
in  semi-major  axis  with  time  due  to  resonant  trapping,  ^|res,  with  the  change  in 
semi-major  axis  with  time  due  to  PR  drag,  ^\pr.  Using  Equation  2.62,  we  can  take 
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n'  = 0 and,  assuming  the  eccentricities  of  the  particles  are  > 0.01,  we  can  neglect  a)'. 
From  Equations  2.33,  2.38,  and  2.32  of  Lagrange’s  equations,  we  can  write 


da' 

dt 


2 dR' 


n'a'  dX' 

2 {p  + q)  Mr^  fdja)  e'  siny? 

Mq  n'  a'2 

-2  n'  a'  (M„/M©)  (p  + q)  fd{a)  e'  sin  p. 


Rewriting  Equation  2.8,  in  terms  of  the  primed  quantities: 


(4.24) 


(4.25) 


da' , 
dt 


\PR  — 


GMq0  (2  + 3e'^) 
a'c  (1  — 


where  c is  the  speed  of  light.  When  a particle  is  trapped  in  resonance,  ^\res 
exactly  balances  ^\pr  and  we  can  write 


(4.26) 

almost 


da' , 


da' . 


~rr  res  H — rr  ~ 0 


dt  ' ' ' dt 

which  can  be  solved  for  sin(p,  using  Equations  4.26,  4.24,  4.22,  and  4.23  to  yield 


(4.27) 


sm  (f  = — 


(GMq)1/2  pV3 


P 


(2  + 3e'2) 


(4.28) 


2 fd{o:)  PnC  {p  + g)'*/3  flV2  ^ J _ ^^2/3  e'  (1  - e'2)3/2 

where  = GMn.  Due  to  the  momentum  loss  PR  drag  induces,  ^\pr  is  a negative 
quantity,  which  implies  that  ^\res  is  positive  and  therefore  that  sinp  is  negative. 
The  maximum  negative  value  of  sin(p,  which  of  course  is  -1,  will  provide  the  largest 
resonant  torque  (Weidenschilling  and  Jackson  1993).  By  setting  sin  p = —1  in  Equa- 
tion 4.27  and  solving  for  e',  we  can  find  the  minimum  value  of  eccentricity  a particle 
needs  to  have  in  order  to  become  trapped  in  a given  resonance,  since  ^|res  is 
a maximum.  Neglecting  terms  of  order  e'^  and  higher  and  solving  for  e'  yields 

(GM©)i/2  pl/3  p 


> 


(4.29) 


fd{a)  flnC  {p  + g)4/3  ^1/2  _ ^^2/3  ' 

We  can  then  solve  Equation  4.29  for  /3  in  order  to  determine  Pmax^  the  maximum 
value  of  /3  a particle  can  have  and  still  remain  trapped  in  a given  resonance.  Since 
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(5  is  a function  of  particle  size,  Pmax  gives  a limit  on  the  smallest  particles  that  can 
be  trapped  in  resonance.  Unfortunately,  Equation  4.29  can  not  be  easily  solved  for 
Pmax  since  it  is  not  a simple  function  of  and  since  /d(a)  and  a',  which  is  really  a^, 
are  functions  of  p.  Nevertheless,  an  approximate  expression  for  Pmax  can  be  written 


as 


Pn 


e'  fd{a)  [XnC  {p  + 


< 

r\j 


(4.30) 


{l-Pmax?^^^  (GMo)1/2  pl/3 

For  e'  = 0.05,  0.13  < Pmax  0.64,  which  corresponds  to  a particle  diameter,  d,  of 
roughly  Ifim  < d < 4/rm  assuming  a spherical  particle  composed  of  astronomical  sil- 
icate. Pmax  is  somewhat  challenging  to  calculate  since  the  right  side  of  Equation  4.30 
is  also  a function  of  Pmax-,  since  a and  /d(a)  are  functions  of  p.  Another  value  of 
interest  is  the  maximum  value  of  eccentricity,  a particle  can  have  in  a given 
resonance.  As  derived  in  Weidenschilling  and  Jackson  (1993),  this  maximum  value  is 
given  as 

\/ 5{p  + q) 

neglecting  terms  higher  than  order  e'^.  The  derivation  is  based  on  analysis  of  the 
evolution  of  the  eccentricity  as  a function  of  time,  but  will  not  be  discussed  in  this 
dissertation.  Values  for  eV„  and  are  given  in  Table  4-2  as  a function  of  p,  q,  and 
P.  Two  other  important  quantities  remain  to  be  discussed,  the  critical  value  of  the 
eccentricity,  and  the  capture  probability,  Pcapture-  For  a first  order  resonance 
{q  = 1),  the  critical  value  of  eccentricity  is  given  as 


P ■ — 
^crit 


2\/6  (M„/M©)  fd{a) 


-|l/3 


p^ 


(4.32) 


where  we  have  assumed  that  the  mass  of  the  dust  particle  is  zero  (Dermott,  Malhotra, 
and  Murray  1988).  The  probability  of  capture  into  a first  order  resonance,  Pcapture, 
can  be  determined  from  From  Dermott,  Malhotra,  and  Murray  (1988): 

1 


P 


capture 


'crit 


U \ 

\ e'  J 


\ 3/2 


for  e'  < 


for  e'  3>  e' 


(4.33) 


crit  * 
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It  should  be  noted  that  the  equations  for  and  Pcapture  are  applicable  only  under 


Table  4-2:  Critical  parameters  on  10  and  100  fim  diameter  dust  particles  for  e'  = 0.05 
and  e'  = 0.25. 


Sphere  Diameter 

Resonance 

10  /im  i/3  = 0.04868  ) 

p 

q 

(p+q):p 

e' 

a 

fd{a) 

rntn 

max 

e'crit 

P 

capture 

2 

1 

3:2 

0.050 

0.776 

2.641 

0.00196 

0.365 

0.0426 

21.985  % 

2 

1 

3:2 

0.250 

0.776 

2.641 

0.00196 

0.365 

0.0426 

1.966  % 

1 

1 

2:1 

0.050 

0.641 

1.740 

0.0135 

0.447 

0.0325 

14.649  % 

1 

1 

2:1 

0.250 

0.641 

1.740 

0.0135 

0.447 

0.0325 

1.310  % 

Sphere  Diameter 

Resonance 

100  fdm  iP  - 

0.00446) 

P 

q 

(p+q);p 

e' 

a 

fd{a) 

g!  ■ 

mm 

^max 

^crit 

P 

capture 

2 

1 

3:2 

0.050 

0.764 

2.497 

0.000184 

0.365 

0.0412 

20.898  % 

2 

1 

3:2 

0.250 

0.764 

2.497 

0.000184 

0.365 

0.0412 

1.869  % 

1 

1 

2:1 

0.050 

0.631 

1.693 

0.00144 

0.447 

0.0302 

13.107  % 

1 

1 

2:1 

0.250 

0.631 

1.693 

0.00144 

0.447 

0.0302 

1.172  % 

Critical  parameters  on  10  and  100  fim  diameter  dust  particles  for  e'  — 0.05  and  e'  — 0.25. 
Note,  that  for  the  2:1  resonance,  the  indirect  term  of  the  disturbing  function  must  be 
taken  into  account,  fi{a)  = —0.5/a  (Murray  and  Dermott  1999).  The  semi-major  axis  of 
Neptune,  a„,  is  taken  to  be  30.06  AU,  making  a = 30.06/a'. 


the  adiabatic  criterion,  which  states  that  the  change  in  semi-major  axis  due  to  drag 
(in  this  case,  PR  drag)  in  one  libration  period  should  be  much  less  than  the 
the  resonant  libration  width: 

-^\pRTiib  (4.34) 

As  discussed  in  Dermott,  Malhotra,  and  Murray  (1988),  the  adiabatic  criterion  is 
valid  only  for  well  separated  resonances.  To  determine  whether  the  Kuiper  disk  is  in 
the  adiabatic  region,  we  chose  Tm,  — 19,670  yr,  the  libration  period  of  Pluto,  since  the 
pendulum  model  does  not  provide  accurate  values  for  the  libration  period  for  the  3:2 
resonance  with  Neptune.  Using  Equations  2.71  and  4.26,  for  an  eccentricity  e!  = 0.25 
and  /3  = 0.04868  (for  a 10/xm  diameter  spherical  particle),  ^\pr  = 1.89  x 10'® 
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AU/yr,  and  ^ 0.52  AU,  so  that  ^\pr  Tm,  = 0.037  AU,  which  is,  indeed,  much 
less  than  the  libration  width  of  0.52  AU,  and  therefore  dust  particles  in  the  3:2  mean 
motion  resonance  with  Neptune  are  in  the  adiabatic  regime. 

4.3.3  Other  Resonances 


Table  4-2  also  lists  some  parameters  for  the  2:1  resonance.  The  2:1  resonance 
is  a special  case  of  an  external  resonance  since  when  p = 1,  the  indirect  term  of  the 
expansion  of  the  disturbing  function,  fi{a),  must  be  taken  into  account.  Taking  into 
account  the  extra  factor  of  a in  front  of  fd{<y)  for  external  resonances  in  Equation  2.56, 
Equation  2.60  can  now  be  written 


C'  = 


GMr, 

a'2  a„  n‘ 


fd{Oi)  + 


Mo:) 


a 


(4.35) 


where  /j(a)  = — l/(2o;).  This  in  turn  can  be  used  to  calculate  the  libration  width 
for  the  2:1  resonance.  By  following  Murray  and  Dermott  (1999),  we  calculate  the 
libration  widths  for  the  5:3  and  the  6:4  resonances.  Since  they  are  second  order 
resonances,  the  shape  of  their  libration  widths  are  different  than  those  of  the  2:1  and 
3:2  resonances. 


4.3.4  Additional  Forces 

In  the  preceding  discussion,  we  have  neglected  all  forces  except  radiation  pres- 
sure, gravity,  and  PR  drag.  However,  other  forces  such  as  the  Lorentz  force  and 
the  effect  of  neutral  interstellar  gas  drag  are  important  to  Kuiper  dust  grains.  For 
instance,  Lorentz  forces  become  important  for  small  particles  at  large  heliocentric 
distances  since  the  Lorentz  force  varies  as  1/r  while  gravity  and  radiation  pressure 
vary  as  1/r^  (Gustafson  1994).  These  additional  forces  are  not  incorporated  in  the 
theory,  so  instead  they  must  be  included  in  numerical  simulations. 

We  calculate  the  magnitude  of  various  forces  (in  Newtons)  on  dust  particles 
of  different  6s  (assuming  the  particles  are  spheres  with  diameter  = d)  and  present 
them  in  Table  4-3,  assuming  a given  particle  has  a density  of  p = 2.5  g/cm^,  a mass 
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of  rriduat,  a semi-major  axis,  a where  a = r = 39.4  AU,  and  an  eccentricity  e = 0. 
In  this  case,  the  heliocentric  velocity  of  the  particle  is  given  by  v = y/GMoJa  = 
4.7454  km/s.  Recall  that  1 N = 1 kg  m /s^,  and  that  G = 6.67  x 10“^^  N m^/kg^. 
The  mass  of  the  Sun,  Mq,  is  taken  to  be  1.99  x 10^°  kg.  The  solar  wind  velocity 
is  taken  to  be  400  km/s,  and  Bo  is  ^ 3 nano  Tesla  = 3 x 10“®  N s m“^  C“h  The 
charge,  q,  on  the  dust  particle  is  q = A'KeoUd/2,  where  Co  = 8.86  x 10“^^  C V“^m~^  is 
the  permeability  of  a vacuum.  The  force  of  gravity,  Fgrav,  is  defined  in  Equation  2.1. 
The  force  due  to  radiation  pressure,  Fradi  is  given  by  Equation  2.3.  The  force  due  to 
Poynting- Robertson  Light  Drag,  Fpn,  is  represented  by  the  second  and  third  terms 
in  Equation  2.7.  The  Lorentz  Force,  Fp,  is  defined  in  Equation  2.14  and  for  the 
above  calculations,  we  chose  the  azimuth  angle,  0,  to  be  0°  and  the  heliocentric 
colatitude  angle,  6,  to  be  45°.  Lastly,  Fp,  the  force  due  to  neutral  interstellar  gas 
particles  impacting  the  dust  grains,  is  given  by  Equation  2.20.  Additional  constants 
and  assumptions  are  given  in  Chapter  2. 

The  ratios  of  the  forces  in  Table  4-3  are  shown  in  Table  4-4.  In  the  case  of  the 
10  pm  diameter  Kuiper  disk  particle,  we  see  that  the  ratio  of  the  radiation  pressure 
force  to  the  force  of  gravity  {\Frad/ Fgrav\  — 4.9  x 10“^)  is  the  same  order  of  magnitude 
as  the  ratio  of  the  Lorentz  force  to  the  force  of  gravity  {IFp/Fgravl  = 1.2  x 10“^  for  U 
= bV).  However,  for  the  100  pm  particle,  the  ratio  of  the  radiation  pressure  force  to 
the  force  of  gravity  {\Frad/ Fgravl  = 4.5  x 10“^)  is  an  order  of  magnitude  greater  than 
the  ratio  of  the  Lorentz  force  to  the  force  of  gravity  {IFi/Fgrav]  = 1-2  x 10“'^  for  U 
= 5 V),  making  the  Lorentz  force  much  less  important  for  larger  particles.  For  both 
the  10  and  100  pm  size  particles,  the  magnitude  of  the  ratio  of  the  PR  drag  force  to 
the  force  of  gravity  is  the  same  order  of  magnitude  as  the  magnitude  of  the  ratio  of 
the  neutral  interstellar  gas  drag  force  to  the  force  of  gravity,  and  in  both  cases  the 
ratio  is  four  orders  of  magnitude  less  than  \Frad/ Fgrav\- 


86 


Table  4-3:  Magnitude  of  various  forces  on  10  {/3  = 0.04868)  and  100  (xm 

{/3  = 0.00446)  diameter  spheroidal  dust  particles. 


Sphere  Diameter 
10  fim  100  fim 


P P'rad/ 1 Pgrav 

a = r 

^^dust 

IF  I 

I Frad  I 

|Fi,|  {U  = bV) 
\Fl\  {U  - 20V) 
\Fh\  {Cp  = 1) 


0.04868 

39.4  AU 

1.3  X 10^^^  kg 

5.0  X 10-^*  N 

2.4  X 10-1^  N 

9.5  X 10-24  N 

6.1  X 10-20  N 

2.4  X 10-^9  N 

1.2  X 10-23  N 


0.00446 

39.4  AU 

1.3  X 10-^  kg 

5.0  X 10-^^  N 
2.2  X 10-^^  N 
8.7  X 10-22  N 

6.1  X 10-^9  N 

2.4  X 10-^*  N 

1.2  X 10-21 


Magnitude  of  various  forces  (in  Newtons)  on  10  fim  (/3  = 0.04868)  and  100  imi  {P  = 0.00446) 
diameter  spheroidal  dust  particles.  A given  particle  has  a density  of  p = 2.5  g/cm^,  a mass 
of  rridusti  a semi-major  axis,  a where  a = r = 39.4  au,  assuming  the  eccentricity  of  the 
dust  particle  is  zero.  In  this  case,  the  heliocentric  velocity  of  the  particle  is  given  by  v = 
a/ GMq/o  = 4.7454  km/s.  Recall  that  1 N = 1 kg  m /s2,  and  that  G = 6.67  x 10-n  N 
ni2/kg2.  The  mass  of  the  Sun,  Mq,  is  taken  to  be  1.99  x lO^^  kg.  The  solar  wind  velocity  is 
taken  to  be  400  km/s,  and  Fq  is  ~ 3 nano  Tesla  = 3 x 10-®  N s m”!  0“!.  The  charge,  q,  on 
the  dust  particle  is  q = 47reol7d/2,  where  Cq  = 8.86  x 10-12  C V-im”!  is  the  permeability 
of  a vacuum.  Fgrav,  the  force  of  gravity,  is  defined  in  Equation  2.1.  Frad^  the  force  due 
to  radiation  pressure,  is  given  by  Equation  2.3.  Fpr,  the  force  due  to  Poynting-Robertson 
Light  Drag,  is  represented  by  the  second  and  third  terms  in  Equation  2.7.  The  Lorentz 
Force,  Fp,  is  defined  in  Equation  2.14  and  for  the  above  calculations,  we  chose  the  azimuth 
angle,  (f),  to  be  0°  and  the  heliocentric  colatitude  angle,  9,  to  be  45°.  Lastly,  Fjj,  the  force 
due  to  neutral  interstellar  gas  particles  impacting  the  dust  grains,  is  given  by  Equation  2.20. 
Additional  constants  and  assumptions  are  given  in  Chapter  2. 

4.3.5  Numerical  Integrations 

We  use  the  numerical  integrator  RADAU  (Everhart  1989)  to  find  the  per- 
centages of  particles  in  resonance  for  a variety  of  initial  conditions.  RADAU  is  a 
very  accurate  integration  code  which  employs  the  Runge-Kutta  method  with  Gauss- 
Radau  spacings.  We  chose  a precision  factor  of  10-i°  for  high  accuracy.  RADAU  is 
very  flexible,  allowing  the  introduction  of  additional  forces.  Most  of  our  runs  have 
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Table  4-4:  Ratios  of  the  magnitude  of  the  forces  on  a 10  //m  (/?  = 0.04868)  and  100 
fim  {P  = 0.00446)  dust  particle. 


Sphere  Diameter 
10  nm  100  //m 

\Frad/ F grav 

l=/3 

4.9 

X 

10- 

-2 

4.5 

X 

10- 

-3 

\^Pr/  F gray 

1 

1.9 

X 

10- 

-6 

1.7 

X 

10- 

-7 

\Fl  / Fgrav  1 

{U  = 

5 V) 

1.2 

X 

10 

-2 

1.2 

X 

10- 

-4 

\P'l/  Fgrav\ 

{U  = 

20  V) 

4.8 

X 

10- 

-2 

4.8 

X 

10" 

-4 

\FfJ  ! 1 

{Cd  -- 

= 1) 

2.4 

X 

10- 

-6 

2.4 

X 

10- 

-7 

Ratios  of  the  magnitude  of  the  forces  on  a 10  fim  {j3  = 0.04868)  and  100  iim  (/?  = 0.00446) 
dust  particle.  See  Table  4-3. 


249  particles,  giving  an  accuracy  in  the  estimate  of  the  number  of  particles  in  res- 
onance of  ~ \/N^/Nr,  where  Nr  is  the  number  of  particles  in  resonance.  When  W 
was  zero,  the  error  was  estimated  to  be  approximately  zero.  In  order  to  decrease  the 
error,  we  increase  the  total  number  of  particles  to  1017  for  a small  number  of  runs 
The  integrations  were  run  for  250,000  years  and  the  orbital  elements  of  the  particles 
were  output  every  100  years  so  we  could  obtain  an  accurate  variation  of  the  reso- 
nant argument.  The  integrator  considers  Poynting-Robertson  drag,  solar  wind  drag, 
radiation  pressure,  and  the  effects  of  the  gravitational  perturbations  of  seven  plan- 
ets (Mercury  and  Pluto  are  excluded  from  consideration  since  their  masses  are  very 
low).  In  addition,  in  some  of  the  runs,  we  have  considered  the  effect  of  the  Lorentz 
force  on  the  particles  as  well  as  the  effect  of  neutral  interstellar  gas  drag.  Runs  have 
been  completed  for  particles  ejected  from  source  bodies  of  0 km,  10  km,  and  100  km 
with  a variety  of  sizes:  4,  10,  20,  50,  100  fim  diameter  spherical  astronomical  silicate 
particles  (corresponding  to  /3  = 0.12928,  0.04868,  0.02343,  0.00905,  and  0.00446)  and 
the  /3  = 0,  or  no  drag  case.  We  also  run  several  cases  for  particles  having  a /3  = 
0.07104  and  0.03688,  corresponding  to  7 and  13  jim  spherical  particles  composed  of 
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astronomical  silicate.  We  find  that  as  (5  increases,  the  percentage  of  particles  in  the 
3:2  mean  motion  resonance  decreases. 

Shown  in  Figures  4-11  and  4-12  is  an  example  of  a particle  (particle  1 from 
RADAU  run  plu_0km_nodrag_250)  which  is  in  the  3:2  mean  motion  resonance  with 
Neptune  for  the  entire  length  of  the  integration.  The  eccentricity  versus  semi-major 
axis  for  particle  1 is  plotted  in  Figure  4-11.  The  run  (plu_0km_nodrag_250)  consists  of 
249  particles  integrated  for  250,000  years  and  includes  the  effects  of  the  gravitational 
perturbations  of  seven  planets.  The  particles,  having  a /3  equal  to  zero,  were  released 
from  a 0 km  source  body  in  a Pluto-like  orbit.  Each  diamond  represents  the  particle’s 
orbital  elements  at  100  year  intervals.  The  3:2,  5:3,  and  2:1  maximum  libration  widths 
are  shown  as  solid  lines  while  the  6:4  maximum  libration  width  is  shown  as  a dashed 
line.  The  exact  location  for  each  resonance  is  plotted  as  a dotted  line.  It  is  clear  that 
particle  1 is  trapped  in  the  3:2  mean  motion  resonance  with  Neptune  since  for  the 
majority  of  the  time,  the  particle  stays  within  the  3:2  libration  width.  In  Figure  4-12, 
it  becomes  apparent  that  particle  1 is  indeed  trapped  in  the  3:2  resonance  for  the 
entire  250,000  years. 

Figure  4-12  shows  the  variation  of  semi-major  axis,  resonant  argument,  and 
eccentricity  with  time  for  particle  1 in  the  plu_0km_nodrag_250  RADAU  run.  The 
exact  location  for  3:2  resonance  for  the  /3  = 0 case  is  plotted  as  a dotted  line.  The 
semi-major  axis  of  particle  1 is  clearly  librating  around  the  exact  location  of  the 
3:2  resonance.  The  resonant  argument,  <^,  is  very  clearly  librating  showing  that  the 
particle  is  trapped  in  the  3:2  resonance  for  the  entire  integration  time  of  250,000 
years.  Also  plotted  is  the  variation  of  the  eccentricity  with  time.  The  dashed  line 
is  the  value  of  Cmaxi  the  maximum  value  of  eccentricity  a particle  trapped  in  the  3:2 
resonance  can  reach.  As  expected,  the  particle’s  eccentricity  never  reaches  emax  for 
the  no  drag  case. 
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Ds=0  km  (8  = 0 Particle  No.l 


Figure  4-11:  Eccentricity  versus  semi-major  axis  for  particle  1 in  a RADAU  run  for 
the  no  drag  case  (/3  = 0)  including  the  effects  of  the  gravitational  perturbations  of 
seven  planets.  Mercury  and  Pluto  are  excluded.  The  run  (plu_0km_nodrag_250), 
consist  of  249  particles  integrated  for  250,000  years.  The  particles,  having  a (5  equal 
to  zero,  were  released  from  a 0 km  source  body  in  a Pluto-like  orbit.  Each  diamond 
represents  the  particle’s  orbital  elements  at  100  year  intervals.  The  3:2,  5:3,  and  2:1 
libration  widths  are  shown  as  solid  lines  while  the  6:4  libration  width  is  shown  as 
a dashed  line.  The  exact  location  for  each  resonance  is  plotted  as  a dotted  line.  It 
is  clear  that  particle  1 is  trapped  in  the  3:2  mean  motion  resonance  with  Neptune 
since  for  the  majority  of  the  time,  the  particle  stays  within  the  3:2  libration  width.  In 
Figure  4-12,  it  becomes  apparent  that  particle  1 is  indeed  trapped  in  the  3:2  resonance 
for  the  entire  250,000  years.  None  of  the  particles  in  this  run  were  excluded  from  the 
system. 


Not  all  particles  that  are  captured  spend  the  whole  time  trapped  in  resonance. 
Shown  in  Figures  4-13  and  4-16  is  a particle  which  is  initially  trapped  in  the  3:2 
resonance.  Particle  10  remains  in  the  3:2  resonance  for  approximately  160,000  years, 
but  then  escapes  the  resonance.  Its  semi-major  axis  and  eccentricity  both  increase 
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Figure  4-12:  Variation  of  semi-major  axis,  resonant  argument,  and  eccentricity  with 
time  for  particle  1 in  a RADAU  run  for  the  no  drag  case  = 0)  including  the 
gravitational  effects  of  seven  planets.  Mercury  and  Pluto  are  excluded.  The  run 
(plu_0km_nodrag_250),  consists  of  249  particles  integrated  for  250,000  years.  The 
particles,  having  a /?  equal  to  zero,  were  released  from  a 0 km  source  body  in  a 
Pluto-like  orbit.  (Top)  The  variation  of  semi-major  axis,  a,  with  time.  The  exact 
location  for  3:2  resonance  for  the  = 0 case  is  plotted  as  a dotted  line.  The  exact 
locations  of  the  5:3  and  2:1  resonances  are  plotted  as  a solid  line  and  as  a dash-dot 
line,  respectively.  The  semi-major  axis  of  particle  1 is  clearly  librating  around  the 
exact  location  of  the  3:2  resonance.  (Middle)  The  variation  of  the  resonant  argument 
for  the  3:2  resonance  (where  ji  = 3,  = -2,  is  = -1,  J4  = 0,  js  = 0,  and 

j6  = 0)  with  time.  The  resonant  argument  is  librating  the  entire  time  showing  that 
the  particle  is  trapped  in  the  3:2  resonance  for  the  entire  integration  time  of  250,000 
years.  (Bottom)  The  variation  of  the  eccentricity  with  time  for  particle  1.  The  dashed 
line  is  the  value  of  Cmaxi  the  maximum  value  of  eccentricity  a particle  trapped  in  the 
3:2  resonance  can  reach.  As  expected,  the  particle’s  eccentricity  never  reaches  Cmax 
in  this  no  drag  case. 


until  it  is  very  briefly  trapped  in  the  5:3  resonance  (for  8,600  years).  A separate  plot, 
which  is  not  shown,  of  the  resonant  argument  for  the  5:3  resonance  (where  j\  = 5, 
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— —3,  j3  ~ —2,  j4  = 0,  js  = 0,  and  jg  = 0)  confirms  that  the  resonant  argument 
is  librating  for  a short  time. 


Ds=0  km  /?  = 0 Particle  No.  10 


Figure  4-13:  Eccentricity  versus  semi-major  axis  for  particle  10  in  a RADAU  run  for 
the  no  drag  case  = 0)  including  the  gravitational  effects  of  seven  planets.  The 
run  (plu_0km_nodrag_250),  consist  of  249  particles  integrated  for  250,000  years.  The 
particles,  having  a P equal  to  zero,  were  released  from  a 0 km  source  body  in  a 
Pluto-like  orbit.  Each  diamond  represents  the  particle’s  orbital  elements  at  100  year 
intervals.  The  3:2,  5:3,  and  2:1  libration  widths  are  shown  as  solid  lines  while  the 
6:4  libration  width  is  shown  as  a dashed  line.  The  exact  location  for  each  resonance 
is  plotted  as  a dotted  line.  Initially,  particle  10  is  trapped  in  the  3:2  resonance,  but 
after  about  160,000  years,  the  particle  escapes  from  the  3:2  resonance  and  eventually 
becomes  briefly  trapped  in  the  5:3  resonance. 


Not  all  particles  that  appear  to  be  trapped  in  a resonance  are  actually  in 
resonance.  Although  Figure  4-15  is  similar  in  appearance  to  Figure  4-13,  particle  10 
for  RADAU  run  lorplu_0km_nodrag_250  is  not  trapped  in  the  5:3  resonance  for  any 
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length  of  time.  Particle  10  in  the  run  lorplu_0km_nodrag_250  had  the  same  initial 
conditions  as  particle  10  in  the  run  plu_0km_nodrag_250. 

Shown  in  Figure  4-17  is  the  eccentricity  versus  semi-major  axis  for  particle  10 
in  RADAU  rnn  ismplu_0km_nodrag_250.  The  run  consists  of  249  particles  integrated 
for  250,000  years,  and  includes  the  effects  of  gravity,  the  Lorentz  force  {U  = hV)  and 
the  effects  of  neutral  interstellar  gas  drag  {Cd  = 1).  The  run  (ismpln_0km_nodrag_- 
250),  consists  of  249  particles  integrated  for  250,000  years.  The  particles,  having  a 
/5  eqnal  to  zero,  were  released  from  a 0 km  sonrce  body  in  a Plnto-like  orbit.  The 
top  panel  of  Figure  4-18  shows  the  variation  of  semi-major  axis,  a,  with  time.  The 
semi-major  axis  of  particle  10  is  clearly  librating  around  the  exact  location  of  the 
3:2  resonance  for  the  first  105,000  years.  The  semi-major  axis  increases  upon  escape 
from  the  resonance,  bnt  then  after  around  25,000  years,  the  semi-major  axis  decreases 
until  it  reaches  approximately  31  AU.  This  particle  had  the  same  initial  conditions 
as  particle  10  in  the  plu_0km_nodrag.250  and  lorplu_0km_nodrag_250  runs.  It  is 
interesting  to  see  how  the  addition  of  different  forces  affects  the  orbit  of  the  particle. 
Yet,  in  all  three  cases,  the  particle  is  trapped  in  the  3:2  mean  motion  resonance  for 
at  least  100,000  years.  In  this  case,  the  particle  is  trapped  for  less  time,  bnt  on  the 
whole,  the  trapping  time  of  the  particles  is  not  significantly  reduced  by  the  inclusion 
of  additional  forces.  The  middle  panel  shows  the  variation  of  the  resonant  argument, 
if,  for  the  3:2  resonance  (where  ji  = 3,  ]2  = -2,  = -1,  = 0,  = 0,  and  jg  = 0) 

with  time.  The  resonant  argnment  is  librating  for  the  first  105,000  years  showing 
that  the  particle  is  trapped  in  the  3:2  resonance.  Eventually,  particle  10  escapes 
from  the  resonance.  The  bottom  panel  shows  that,  as  expected  for  the  P — 0 case, 
the  particle’s  eccentricity  never  reaches  Cmax,  represented  by  the  horizontal  dashed 
line,  but  its  eccentricity  and  semi-major  axis  increase  when  the  particle  leaves  the  3:2 
resonance.  Then,  at  about  140,000  years,  the  eccentricity  suddenly  drops  and  then 
slowly  increases  nntil  the  end  of  the  integration. 
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Figure  4-14;  Variation  of  semi-major  axis,  resonant  argument,  and  eccentricity  with 
time  for  particle  10  in  a RADAU  run  for  the  no  drag  case  (/?  = 0)  including  the 
gravitational  effects  of  seven  planets.  The  run  (plu.0km_nodrag_250)  consists  of  249 
particles  integrated  for  250,000  years  and  includes  the  effects  of  the  gravitational 
perturbations  of  Venus,  Earth,  Mars,  Jupiter,  Saturn,  Uranus,  and  Neptune.  The 
particles,  having  a j3  equal  to  zero,  were  released  from  a 0 km  source  body  in  a 
Pluto-like  orbit.  (Top)  Shown  in  the  top  panel  is  the  variation  of  semi-major  axis, 
a,  with  time.  The  exact  location  for  3:2  resonance  for  the  /3  = 0 case  is  plotted  as  a 
dotted  line.  The  exact  locations  of  the  5:3  and  2:1  resonances  are  plotted  as  a solid 
line  and  as  a dash-dot  line,  respectively.  The  semi-major  axis  of  particle  10  is  clearly 
librating  around  the  exact  location  of  the  3:2  resonance  for  approximately  160,000 
years.  Eventually,  particle  10  escapes  from  the  resonance  and  eventually  the  particle 
becomes  very  briefly  trapped  in  the  5:3  resonance.  (Middle)  We  show  the  variation  of 
the  resonant  argument  for  the  3:2  resonance  (where  ji  = 3,  j2  = —2,  js  = —1,  j4  — 0, 
= 0,  and  j6  = 0)  with  time  in  the  middle  panel.  The  resonant  argument,  cp,  is 
librating  the  for  approximately  160,000  years  showing  that  the  particle  is  trapped  in 
the  3:2  resonance.  After  160,000  years,  (p  is  seen  to  be  circulating  and  the  particle  is 
no  longer  trapped.  (Bottom)  The  variation  of  the  eccentricity  with  time  for  particle 
10  is  shown  in  the  bottom  panel.  The  dashed  line  is  the  value  of  Cmax-:  the  majdmum 
value  of  eccentricity  a particle  trapped  in  the  3:2  resonance  can  reach.  As  expected 
for  the  no  drag  case,  the  particle’s  eccentricity  never  reaches  e^ax,  but  its  eccentricity 
and  semi-major  axis  increase  when  the  particle  leaves  the  3:2  resonance. 
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Figure  4-15:  Eccentricity  versus  semi-major  axis  for  particle  10  in  a RADAU  run  for 
the  (5  = 0 case  including  gravity  and  the  Lorentz  force  {U  = 5 R).  The  run  (lorplu_- 
0km_nodrag_250),  consist  of  249  particles  integrated  for  250,000  years,  includes  the 
effects  of  gravity  and  the  Lorentz  force  assuming  the  particles  have  a potential,  U, 
equal  to  5 V.  The  particles,  having  a (5  equal  to  zero,  were  released  from  a 0 km  source 
body  in  a Pluto-like  orbit.  Each  diamond  represents  the  particle’s  orbital  elements 
at  100  year  intervals.  The  3:2,  5:3,  and  2:1  libration  widths  are  shown  as  solid  lines 
while  the  6:4  libration  width  is  shown  as  a dashed  line.  The  exact  location  for  each 
resonance  is  plotted  as  a dotted  line. 
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Figure  4-16:  Variation  of  semi-major  axis,  resonant  argument,  and  eccentricity  with 
time  for  particle  10  in  a RADAU  run  for  the  f3  — 0 case  including  gravity  and  the 
Lorentz  force  {U  = 5 F).  The  run  (lorplu_0km_nodrag_250),  consists  of  249  particles 
integrated  for  250,000  years,  and  includes  the  effects  of  gravity  and  the  Lorentz  force 
assuming  the  particles  have  a potential,  U,  equal  to  5 V.  The  particles,  having  a /3 
equal  to  zero,  were  released  from  a 0 km  source  body  in  a Pluto-like  orbit.  (Top) 
The  variation  of  semi-major  axis,  a,  with  time.  The  exact  location  for  3:2  resonance 
for  the  13  = 0 case  is  plotted  as  a dotted  line.  The  exact  locations  of  the  5:3  and 
2:1  resonances  are  plotted  as  a solid  line  and  as  a dash-dot  line,  respectively.  The 
semi-major  axis  of  particle  10  is  clearly  librating  around  the  exact  location  of  the  3:2 
resonance  for  the  first  120,000  years.  (Middle)  The  variation  of  the  resonant  argument 
for  the  3:2  resonance  (where  ji  = 3,  j2  = -2,  ja  = -1,  = 0,  j 5 = 0,  and  je  = 0) 

with  time.  The  resonant  argument  is  librating  for  the  first  120,000  years  showing 
that  the  particle  is  trapped  in  the  3:2  resonance.  Eventually,  particle  10  escapes  from 
the  resonance.  (Bottom)  As  expected  for  the  no  drag  case,  the  particle’s  eccentricity 
never  reaches  Cmax,  represented  by  the  horizontal  dashed  line,  but  its  eccentricity  and 
semi-major  axis  increase  when  the  particle  leaves  the  3:2  resonance. 
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Figure  4-17:  Eccentricity  versus  semi-major  axis  for  particle  10  in  a RADAU  run  for 
the  ^ = 0 case  including  gravity,  the  Lorentz  force  {U  = 5 R),  and  the  effects  of 
neutral  interstellar  gas  drag  {Cd  = 1)-  The  run  (ismplu_0km_nodrag_250)  consist  of 
249  particles  integrated  for  250,000  years.  The  particles,  having  a 0 equal  to  zero, 
were  released  from  a 0 km  source  body  in  a Pluto-like  orbit.  Each  diamond  represents 
the  particle’s  orbital  elements  at  100  year  intervals.  The  3:2,  5:3,  and  2:1  libration 
widths  are  shown  as  solid  lines  while  the  6:4  libration  width  is  shown  as  a dashed 
line.  The  exact  location  for  each  resonance  is  plotted  as  a dotted  line. 
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Figure  4-18;  Variation  of  semi-major  axis,  resonant  argument,  and  eccentricity  with 
time  for  particle  10  in  a RADAU  run  for  the  /3  = 0 case  including  gravity,  the  Lorentz 
force  {U  = 5 V),  and  the  effects  of  neutral  interstellar  gas  drag  {Cq  = 1)-  The  run 
(ismplu_0km_nodrag_250),  consists  of  249  particles  integrated  for  250,000  years.  The 
particles,  having  a /3  equal  to  zero,  were  released  from  a 0 km  source  body  in  a 
Pluto-like  orbit.  (Top)  The  variation  of  semi-major  axis,  a,  with  time.  The  exact 
location  for  3:2  resonance  for  the  /?  = 0 case  is  plotted  as  a dotted  line.  The  exact 
locations  of  the  5:3  and  2:1  resonances  are  plotted  as  a solid  line  and  as  a dash-dot 
line,  respectively.  The  semi-major  axis  of  particle  10  is  clearly  librating  around  the 
exact  location  of  the  3:2  resonance  for  the  first  105,000  years.  It  increases  upon 
escape  from  the  resonance,  but  then  after  around  25,000  years,  the  semi-major  axis 
decreases  until  it  reaches  approximately  31  AU.  This  particle  had  the  same  initial 
conditions  as  particle  10  in  the  plu_0km  jiodrag_250  and  lorplu_0km_nodrag_250  runs. 
(Middle)  The  variation  of  the  resonant  argument  for  the  3:2  resonance  (where  A = 3, 
72  = —2,  A = — 1,  A - 0,  A = 0,  and  A — 0)  with  time.  The  resonant  argument 
is  librating  for  the  first  105,000  years  showing  that  the  particle  is  trapped  in  the 
3:2  resonance.  Eventually,  particle  10  escapes  from  the  resonance.  (Bottom)  The 
particle’s  eccentricity  never  reaches  tmax,  represented  by  the  horizontal  dashed  line, 
as  expected  for  the  /?  = 0 case,  but  its  eccentricity  and  semi-major  axis  increase  when 
the  particle  leaves  the  3:2  resonance.  Then,  at  about  140,000  years,  the  eccentricity 
suddenly  drops  and  then  slowly  increases  until  the  end  of  the  integration. 
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Figure  4-19:  Percentage  of  particles  in  the  3:2  mean  motion  resonance  with  Neptune 
assuming  particles  were  generated  from  source  body  of  0 km  in  diameter  in  the 
3:2  resonance.  The  particles  were  integrated  for  250,000  years.  The  open  squares 
correspond  to  RADAU  runs  including  the  ’’standard  forces”,  that  is,  the  effects  of 
gravity,  PR  drag,  solar  wind  corpuscular  drag,  and  radiation  pressure.  The  filled 
squares  and  filled  circles  correspond  to  RADAU  runs  which  include,  in  addition  to 
the  standard  forces,  the  Lorentz  force  with  a potential,  U,  equal  to  5 Volts  and  20 
Volts,  respectively.  The  filled  triangles  correspond  to  RADAU  runs  which  include  the 
standard  forces,  the  Lorentz  force  with  U = 5 V,  and  the  effects  of  neutral  interstellar 
gas  drag  assuming  is  equal  to  1.  The  open  triangles  correspond  to  RADAU  runs 
which  include  the  standard  forces,  the  Lorentz  force  with  U = 5 V and  the  effects  of 
neutral  interstellar  gas  drag  assuming  = 2.  Each  numerical  run  is  composed  of 
249  particles,  giving  an  error  in  the  estimate  of  the  number  of  particles  in  resonance 
of  ~ ^/Nr/Nr,  where  Nr  is  the  number  of  particles  in  resonance. 
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Figure  4-20:  Percentage  of  particles  in  the  3:2  mean  motion  resonance  with  Neptune 
assuming  particles  were  generated  from  source  body  of  10  km  in  diameter  in  the  3:2 
resonance.  The  open  squares  correspond  to  RADAU  runs  including  the  ’’standard 
forces”,  that  is,  the  effects  of  gravity,  PR  drag,  solar  wind  corpuscular  drag,  and 
radiation  pressure.  The  filled  squares  and  filled  circles  correspond  to  RADAU  runs 
which  include,  in  addition  to  the  standard  forces,  the  Lorentz  force  with  a potential, 
U,  equal  to  5 Volts  and  20  Volts,  respectively.  The  filled  triangles  correspond  to 
RADAU  runs  which  include  the  standard  forces,  the  Lorentz  force  with  U = 5 V, 
and  the  effects  of  neutral  interstellar  gas  drag  assuming  Cd  = 1-  Each  numerical  run 
is  composed  of  249  particles,  giving  an  error  in  the  estimate  of  the  number  of  particles 
in  resonance  of  ~ y/N^/Nr^  where  AL  is  the  number  of  particles  in  resonance.  The 
particles  were  released  from  10  km  diameter  source  bodies  in  Pluto-like  orbits  and 
were  integrated  for  250,000  years. 
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Figure  4-21:  [Percentage  of  particles  in  the  3:2  mean  motion  resonance  with  Neptune 
assuming  particles  were  generated  from  source  body  of  100  km  in  diameter  in  the  3:2 
resonance.  The  open  squares  correspond  to  RADAU  runs  including  the  ’’standard 
forces”,  that  is,  the  effects  of  gravity,  PR  drag,  solar  wind  corpuscular  drag,  and 
radiation  pressure.  The  filled  squares  and  hlled  circles  correspond  to  RADAU  runs 
which  include,  in  addition  to  the  standard  forces,  the  Lorentz  force  with  a potential, 
U,  equal  to  5 Volts  and  20  Volts,  respectively.  Each  numerical  run  is  composed  of 
249  particles,  giving  an  error  in  the  estimate  of  the  number  of  particles  in  resonance 
of  ~ y/Nr/Nr,  where  Nr  is  the  number  of  particles  in  resonance.  When  W was  zero, 
the  error  was  estimated  to  be  near  zero.  The  particles  were  released  from  100  km 
diameter  source  bodies  in  Pluto-like  orbits  and  were  integrated  for  250,000  years. 
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Figure  4-22:  Close  up  of  the  plot  of  the  percentage  of  particles  in  the  3:2  mean 
motion  resonance  with  Neptune  assuming  particles  were  generated  from  source  body 
of  10  km  in  diameter  in  the  3:2  resonance.  The  open  squares  correspond  to  RADAU 
runs  including  the  ’’standard  forces”,  that  is,  the  effects  of  gravity,  PR  drag,  solar 
wind  corpuscular  drag,  and  radiation  pressure.  The  filled  squares  and  filled  circles 
correspond  to  RADAU  runs  which  include,  in  addition  to  the  standard  forces,  the 
Lorentz  force  with  a potential,  U,  equal  to  5 Volts  and  20  Volts,  respectively.  The 
filled  triangles  correspond  to  RADAU  runs  which  include  the  standard  forces,  the 
Lorentz  force  with  U = 5 U,  and  the  effects  of  neutral  interstellar  gas  drag  assuming 
Cd  = I-  Each  numerical  run  is  composed  of  249  particles,  giving  an  error  in  the 
estimate  of  the  number  of  particles  in  resonance  of  ~ ^/N^/Nr,  where  Nr  is  the 
number  of  particles  in  resonance.  When  Nr  was  zero,  the  error  was  estimated  to 
be  near  zero.  The  particles  were  released  from  10  km  diameter  source  bodies  in 
Pluto-like  orbits  and  were  integrated  for  250,000  years. 
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Figure  4-23:  Percentage  of  particles  (with  0 = 0.07104)  in  the  3:2,  6:4,  5:3,  and  2:1 
resonances  assuming  the  particles  were  generated  from  a source  body  of  10  km  in 
diameter  in  the  3:2  resonance.  In  (a)  more  particles  are  in  the  3:2  resonance  from  the 
run  which  includes  the  Lorentz  force  with  U = 20  V than  in  the  run  which  includes 
the  Lorentz  force  with  U = 5 V or  the  runs  which  only  include  the  “standard  forces,” 
although  the  error  bars  are  rather  large.  Initially  this  is  puzzling  since  we  wonld 
not  expect  that  the  addition  of  an  extra  force  would  increase  the  likelihood  that  a 
particle  would  remain  in  resonance.  However,  the  phenomenon  we  see  in  (a)  is  simply 
a consequence  of  the  fact  that  many  of  the  particles  in  the  “standard  forces”  run  are 
trapped  instead  in  the  5:3  resonance,  due  of  the  high  P value  of  the  particles.  Each 
run  consists  of  1017  particles. 


103 


The  Lorentz  Force 

We  wish  to  test  the  impact  of  the  Lorentz  force  on  particles  in  the  Kuiper 
belt.  Two  sets  of  runs  have  been  made  - one  set  which  does  not  include  the  Lorentz 
force  in  the  calculations  and  one  which  does  include  it.  As  discussed  in  Chapter  2, 
interplanetary  dust  particles  are  charged.  A typical  particle  is  expected  to  have  a 
net  positive  potential,  f/,  of  5 V (Goertz  1989,  Gustafson  1994).  However,  this 
quantity  is  uncertain  and  could  be  as  high  as  100  V (Leinert  and  Griin  1990).  An 
increase  in  U corresponds  to  an  increase  in  the  charge  to  mass  ratio.  As  seen  in 
Figures  4-19,  4-20,  and  4-21,  the  Lorentz  force  does  not  have  much  of  an  effect  on 
whether  the  particles  remain  in  the  3:2  resonance  on  the  whole.  However,  as  shown 
in  Figures  4-22  and  4-23,  for  small  particles,  ~ 10  fim  in  diameter,  the  Lorentz  force 
can  have  an  appreciable  effect,  especially  if  the  potential,  U,  is  increased  to  20  V. 
This  potential  is  probably  too  high  for  grains  in  the  Kuiper  belt,  but  it  does  serve 
as  an  interesting  test  case  for  the  effects  of  the  Lorentz  force.  Figure  4-23  shows  the 
trapping  results  for  four  different  mean  motion  resonances  with  Neptune  (the  3:2, 
the  6:4,  the  5:3,  and  the  2:1)  with  the  initial  conditions  that  the  particles  escape 
from  a source  body  10  km  in  diameter.  The  results  appear  to  be  counterintuitive  in 
that  more  particles  are  trapped  into  the  3:2  resonance  in  the  U = 20  V Lorentz  force 
case  than  in  the  case  without  the  Lorentz  force  included.  In  the  case  of  increased 
drag,  one  would  expect  that  less  particles  would  be  trapped.  However,  this  increase 
in  trapping  occurs  because  the  particles  in  the  non-Lorentz  force  case  are  getting 
trapped  in  the  5:3  resonance  before  their  orbits  can  evolve  down  to  a semi-major 
axis  where  they  can  become  trapped  in  the  3:2  resonance.  Radiation  pressure  exerts 
a strong  influence  on  small  particles  and  as  a result,  many  of  them  start  out  some 
distance  away  from  39.4  AU,  allowing  them  to  become  initially  trapped  in  other 
resonances.  Another  illustration  of  this  point  is  in  Figures  4-24  and  4-25  where  it 
can  be  clearly  seen  that  the  particle  starts  out  being  trapped  in  the  5:3  resonance. 
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reaches  a maximum  eccentricity,  Cmax,  and  then  evolves  out  of  the  5:3  resonance  and 
eventually  becomes  trapped  in  the  3:2  resonance.  In  (d)  of  Figure  4-23,  we  see  that 
significantly  more  particles  are  trapped  in  the  2:1  resonance  in  the  U = 2QV  Lorentz 
force  case  than  in  the  case  without  the  Lorentz  force  included.  Many  of  the  U — 2QV 
Lorentz  force  case  particles  eventually  are  excluded  from  the  numerical  integrations 
due  to  the  particles  obtaining  a high  eccentricity  and/or  large  semi-major  axis.  In 
fact,  57%  of  the  particles  in  the  U = 20  V Lorentz  force  249  particle  run  with  7 fim 
diameter  particles  originating  from  10  km  diameter  source  bodies  were  eventually 
excluded  from  the  integrations,  while  none  of  the  particles  in  any  of  the  other  runs 
were  excluded  (see  Table  4-5).  In  the  plu_10km_7mu_250  run,  most  of  the  particles 
become  trapped  in  the  5:3  resonance.  However,  the  addition  of  the  Lorentz  force 
with  a high  enough  grain  potential  {U  — 20  V)  seems  to  scatter  some  particles  out 
to  large  semi-major  axes  where  they  can  become  trapped  in  the  2:1  resonance,  or 
small  semi-major  axes  where  they  can  become  trapped  in  the  3:2  resonance.  In  the 
case  of  the  other  runs  (lorplu_10km_7mu_250  and  ismplu_10km_7mu_250)  slightly  less 
particles  are  trapped  in  the  5:3  and  2:1  resonances  than  in  the  plu_10km_7mu_250 
run,  which  is  to  be  expected  for  additional  drag  forces.  In  the  case  of  the  6:4  and 
5:3  resonance  we  are  only  considering  one  of  the  eccentricity  resonances.  That  is,  in 
the  case  of  the  6:4  external  resonance,  we  consider  the  case  where:  ji  = 6,  j2  = -4, 
= -2,  and  j’4  = j'5  = jfg  = 0,  and  in  the  case  of  the  5:3  external  resonance,  we  only 
consider  the  case  where  ji  = 5,  j2  = -3,  js  = -2,  and  J4  = js  = je  = 0. 

For  the  7 fim  diameter  particle  run  {P  = 0.07104),  originating  from  10  km 
diameter  source  bodies  and  including  only  the  effects  of  gravity,  PR  drag,  solar  wind 
corpuscular  drag,  and  radiation  pressure,  we  did  check  for  trapping  for  all  of  the 
5:3  external  mean  motion  resonances.  We  did  not  find  any  particles  trapped  in 
the  other  eccentricity  resonances.  However,  we  did  find  particles  trapped  in  the 
inclination  resonances.  The  percentages  of  particles  trapped  in  all  of  the  external 
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Ds=10  km  6 = 7 /xm  Lorentz  Force  U = 20  V Particle  No.1 


Figure  4-24:  Eccentricity  versus  semi-major  axis  for  particle  1 in  a RADAU  run 
including  the  Lorentz  force  where  U = 20  V.  The  /3  = 0.07104  (7  fim  diameter) 
particles  in  this  RADAU  run  were  released  from  a 10  km  source  body.  The  3:2,  5:3, 
and  2:1  libration  widths  are  shown  as  solid  lines  while  the  6:4  libration  width  is  shown 
as  a dashed  line.  The  exact  location  for  each  resonance  is  plotted  as  a dotted  line. 
Each  diamond  represents  the  particle’s  orbital  elements  at  100  year  intervals.  Note 
that  for  the  majority  of  the  time,  particle  1 appears  to  be  within  the  5:3  libration 
width,  but  for  a short  period  of  time,  the  particle  is  also  within  both  the  3:2  and  the 
5:4  resonant  widths.  As  can  be  seen  in  the  next  figure,  the  particle  is  in  fact  trapped 
in  both  the  5:3  and  the  3:2  resonances. 


5:3  mean  motion  resonances  for  this  particular  run  are  listed  in  Table  ??.  The 
criteria  for  trapping  is  based  on  whether  the  resonant  argument,  ip,  is  librating. 
Recalling  Equation  2.50  which  gives  cp  = jiX'  + j2^n+  jsu}'  + j4<7Jn+  + jefln  where 

the  primed  osculating  elements  are  those  of  the  dust  particles  and  the  unprimed 
elements  subscripted  with  an  “n”  are  Neptune’s.  As  can  be  seen  from  Table  4-6,  the 
assumption  that  the  u'  eccentricity  resonance  was  most  important  was  correct  as  no 


106 
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Figure  4-25:  Variation  of  semi-major  axis,  resonant  argument,  and  eccentricity  with 
time  for  particle  1 in  a RADAU  run  including  the  Lorentz  force  where  U = 20  V. 
The  P = 0.07104  (7  fim  diameter)  particles  in  this  RADAU  run  were  released  from  a 
10  km  source  body.  (Top)  The  variation  of  semi-major  axis,  a,  with  time.  The  exact 
location  for  the  5:3  resonance  is  plotted  as  a solid  line,  while  the  exact  location  of 
the  3:2  resonance  is  plotted  as  a dotted  line.  (Middle)  The  variation  of  the  resonant 
argument  for  the  5:3  resonance  (where  ji  = 5,  = —3,  js  = —2,  = 0,  = 0,  and 

je  = 0)  with  time.  For  approximately  the  first  120,000  years,  the  resonant  argument 
is  librating  and  therefore  the  particle  is  trapped  in  the  5:3  resonance.  After  120,000 
years,  ip  is  circulating  and  the  particle  is  no  longer  trapped  in  the  5:3  resonance. 
It  does  eventually  become  trapped  in  the  3:2  resonance,  however.  (Bottom)  The 
variation  of  the  eccentricity  with  time  for  particle  1.  The  dashed  line  is  the  value  of 
^max,  the  maximum  value  of  eccentricity  a particle  trapped  in  the  5:3  resonance  can 
reach.  Note,  however,  that  the  particle’s  eccentricity  becomes  slightly  higher  than 
Cmai  while  the  particle  is  clearly  still  trapped  in  resonance.  The  theory  to  calculate 
Cmax  is  only  valid  for  low  eccentricities  since  it  is  only  to  second  order  in  e,  so  it  is 
not  surprising  that  the  theory  and  the  results  do  not  agree  completely. 


particles  are  trapped  in  any  of  the  other  eccentricity  resonances.  This  is  expected  as 
the  eccentricities  of  the  Plutino  dust  particles  (e'  ~ 0.25)  are  much  greater  than  the 
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Table  4-5:  A comparison  of  results  for  numerical  runs  for  7 //m  diameter  particles 
(/?  = 0.07104)  originating  from  10  km  diameter  source  bodies. 


Numerical  Run 
(Designation) 

Percentage  of  Particles 
Trapped  in  Resonance 

Percentage  of 
Particles  Excluded 

3:2 

6:4 

5:3 

2:1 

from  System 

Standard  forces 
(plu_10km_7m_250) 

0.0% 

0.0% 

34.1% 

2.4% 

0.0% 

Standard  forces  and 

Lorentz  force  {U  = 5V) 
(lorplu_10km_7mu_250) 

0.0% 

0.0% 

21.7% 

0.4% 

0.0% 

Standard  forces  and 

Lorentz  force  {U  = 5V) 
and  ISM  {Cd  = 1) 
(ismplu_10km_7mu_250) 

0.0% 

0.0% 

29.3% 

0.4% 

0.0% 

Standard  forces  and 

Lorentz  force  {U  = 20V) 
(u201plu_10km.7mu_250) 

11.2% 

0.4% 

9.6% 

12.9% 

57.4% 

A comparison  of  results  for  numerical  runs  for  7 fim  diameter  particles  {/3  = 0.07104) 
originating  from  10  km  diameter  source  bodies.  The  source  bodies  had  orbital  elements 
identical  to  those  of  Pluto’s.  The  runs  contained  249  particles.  The  errors  are  assumed 
to  be  ~ \/N^/Nr,  where  Nr  is  the  number  of  particles  in  resonance.  The  entry  “standard 
forces”  refers  to  a numerical  run  with  the  effects  of  gravity,  PR  drag,  solar  wind  corpuscular 
drag,  and  radiation  pressure  included.  Lorentz  force  {U  = 5 V)  refers  to  the  inclusion  of 
the  Lorentz  force  in  the  run,  assuming  a potential  equal  to  5 Volts.  ISM  {Co  = 1)  refers  to 
the  inclusion  of  the  effect  due  to  neutral  interstellar  gas  drag  assuming  that  Cd,  the  free 
molecular  drag  coefficient  defined  in  Chapter  2,  is  equal  to  1.  These  results  are  confirmed 
by  a separate  set  of  runs  having  1017  particles  each.  In  the  case  of  the  6:4  and  5:3  resonance 
we  are  only  considering  one  of  the  eccentricity  resonances.  That  is,  in  the  case  of  the  6:4 
external  resonance,  we  consider  the  case  where  ji  = 6,  j2  = -4,  = -2,  and 

= 0,  and  in  the  case  of  the  5:3  external  resonance,  we  only  consider  the  case  where  ji  = 5, 
J2  = -3,  = -2,  and  = js  = je  0. 

eccentricity  of  Neptune  (e„  0.009)  and  the  strength  of  the  resonance  is  a function  of 

the  eccentricity.  Consequently,  the  particle  is  preferentially  trapped  in  the  strongest 
resonance,  or  the  resonance  associated  with  the  largest  coefficient,  in  this  case  the 
(ji  = 5,  j2  = -3,  js  = -2,  and  ji'4  = js  = — 0)  resonance.  (Murray  and  Dermott 

1999). 
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Ds=10  km  d = 7 //m  Particle  No. 125 


Figure  4-26:  Eccentricity  versus  semi-major  axis  for  a particle  trapped  in  the  5:3  mean 
motion  resonance  with  Neptune.  Particle  125  is  from  a RADAU  run  for  the  case  of  7 
fim  diameter  particles  {(3  — 0.07104)  that  are  released  from  a 10  km  diameter  source 
body.  The  run  (plu_10km_7mu_250)  consists  of  249  particles  integrated  for  250,000 
years  and  includes  the  effects  of  gravity,  PR  drag,  solar  wind  corpuscular  drag,  and 
radiation  pressure.  Each  diamond  represents  the  particle’s  orbital  elements  at  100 
year  intervals.  The  3:2,  5:3,  and  2:1  libration  widths  are  shown  as  solid  lines  while  the 
6:4  libration  width  is  shown  as  a dashed  line.  The  exact  location  for  each  resonance 
is  plotted  as  a dotted  line. 


In  the  5:3  resonance  for  the  case  discussed  above,  a sizeable  percentage  of 
particles  are  trapped  in  the  inclination  resonances  (some  particles  may  be  trapped 
in  multiple  resonances).  An  example  of  such  a particle  (trapped  in  the  5:3  resonance 
where  ji  — 5,  = —3,  js  = 0,  J4  = 0,  js  = —2,  and  Jq  = 0)  is  shown  in  Figure  4-32. 

The  inclination  resonances  are  a topic  for  future  study. 

Lastly,  it  is  important  to  note  that  the  Lorentz  force  could  also  create  a 
structure  similar  in  appearance  to  a dust  band.  The  interplanetary  solar  magnetic 
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Figure  4-27:  Variation  of  semi-major  axis,  resonant  argument,  and  eccentricity  with 
time  for  particle  125  in  a RADAU  run  (for  7 fim  diameter  particles  released  from  a 10 
km  source  body)  including  the  standard  forces.  The  run  (plu_10km_7mu_250)  consists 
of  249  particles  integrated  for  250,000  years  and  includes  the  effects  of  gravity,  PR 
drag,  solar  wind  corpuscular  drag,  and  radiation  pressure.  (Top)  The  variation  of 
semi-major  axis,  a,  with  time.  The  exact  location  for  3:2  resonance  for  the  P = 0 
case  is  plotted  as  a dotted  line.  The  exact  locations  of  the  5:3  and  2:1  resonances  are 
plotted  as  a solid  line  and  as  a dash-dot  line,  respectively.  The  semi-major  axis  of 
particle  125  is  clearly  librating  around  the  exact  location  of  the  5:3  resonance  for  the 
entire  time.  (Middle)  The  variation  of  the  resonant  argument  for  the  5:3  resonance 
(where  j\  = 5,  = —3,  jz  = —2,  — 0,  jz  = 0,  and  je  = 0)  with  time.  The 

resonant  argument,  (p,  is  clearly  librating.  (Bottom)  The  variation  of  the  eccentricity 
with  time  for  particle  125.  The  dashed  line  is  the  value  of  e^ax,  the  maximum 
value  of  eccentricity  a particle  trapped  in  the  3:2  resonance  can  reach.  The  particle’s 
eccentricity  never  reaches  Smax)  nor  does  it  appear  to  be  approaching  Cmax,  implying 
that  the  particle  may  be  trapped  in  the  3:2  for  much  longer  than  250,000  years. 


field  is  composed  of  different  sectors  which  alternate  in  polarity.  The  Lorentz  force 
increases  particle  inclinations  due  to  particles  in  low  inclination  orbits  experiencing 
a random  walk  in  inclination  due  to  both  stochastic  variations  in  solar  magnetic 
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Figure  4-28:  Eccentricity  versus  semi-major  axis  for  particle  81  in  a RADAU  run 
including  the  standard  forces  and  the  Lorentz  force  where  U = 20  V.  The  run 
(u201plu_10km_7mu_250),  consist  of  249  particles  integrated  for  250,000  years,  in- 
cludes the  effects  of  gravity,  PR  drag,  solar  wind  corpuscular  drag,  radiation  pres- 
sure, and  the  Lorentz  force  assuming  the  particles  have  a potential,  U,  equal  to  20 
V.  The  7 fim  diameter  particles  = 0.07104)  were  released  from  a source  body  10 
km  in  diameter  in  a Pluto-like  orbit.  Each  diamond  represents  the  particle’s  orbital 
elements  at  100  year  intervals.  The  3:2,  5:3,  and  2:1  libration  widths  are  shown  as 
solid  lines  while  the  6:4  libration  width  is  shown  as  a dashed  line.  The  exact  location 
for  each  resonance  is  plotted  as  a dotted  line. 


field  sector  length  and  the  alternating  polarity  of  the  sectors.  As  a result  of  this 
random  walk,  the  inclination  of  a particle  can  increase  over  time  due  to  the  Lorentz 
force.  Over  all,  this  effect  produces  a dispersion  in  particle  inclinations  (Leinert 
and  Griin  1990).  The  Lorentz  force  also  causes  a precession  of  nodes  about  the 
solar  equator.  Coupled  with  the  dispersion  in  inclination,  the  structure  will  resemble 
a puffed  up  ring  of  material  (Gustafson  2000).  However,  this  circumsolar  ring  is 
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Figure  4-29:  Variation  of  semi-major  axis,  resonant  argument,  and  eccentricity  with 
time  for  particle  81  in  a RADAU  run  including  the  standard  forces  and  the  Lorentz 
force  where  U = 20  V.  The  run  (u201plu_10km_7mu_250),  consist  of  249  particles 
integrated  for  250,000  years,  includes  the  effects  of  gravity,  PR  drag,  solar  wind 
corpuscular  drag,  radiation  pressure,  and  the  Lorentz  force  assuming  the  particles 
have  a potential,  [7,  equal  to  20  V . The  7 jim  diameter  particles  (/3  = 0.07104) 
were  released  from  a source  body  10  km  in  diameter  in  a Pluto-like  orbit.  (Top) 
The  variation  of  semi-major  axis,  a,  with  time.  The  exact  location  for  3:2  resonance 
for  the  /3  = 0 case  is  plotted  as  a dotted  line.  The  exact  locations  of  the  5:3  and 
2:1  resonances  are  plotted  as  a solid  line  and  as  a dash-dot  line,  respectively.  The 
semi-major  axis  of  particle  81  is  clearly  librating  around  the  exact  location  of  the  2:1 
resonance.  (Middle)  The  variation  of  the  resonant  argument  for  the  2:1  resonance 
(where  ji  = 2,  j2  ~ —I,  js  = —1,  j4  — 0,  js  = 0,  and  je  = 0)  with  time.  The  resonant 
argument,  cp,  is  librating  for  approximately  200,000  years,  though  for  part  of  that 
time,  v?  seems  to  be  circulating.  (Bottom)  The  particle’s  eccentricity  never  reaches 

^max  ■ 


completely  independent  of  the  presence  of  planets  in  the  system  unlike  the  resonant 
rings  we  have  been  discussing  in  this  chapter. 
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Figure  4-30:  Eccentricity  versus  semi-major  axis  for  particle  2 in  a RADAU  run 
including  the  standard  forces  and  the  Lorentz  force  where  U = 20  V.  The  run 
(u201plu_10km_7mu_250)  consist  of  249  particles  integrated  for  250,000  years,  includes 
the  effects  of  gravity,  PR  drag,  solar  wind  corpuscular  drag,  radiation  pressure,  and 
the  Lorentz  force  assuming  the  particles  have  a potential,  [/,  equal  to  20  V.  The  7 /rm 
diameter  particles  (/3  = 0.07104)  were  released  from  a source  body  10  km  in  diameter 
in  a Pluto-like  orbit.  Each  diamond  represents  the  particle’s  orbital  elements  at 
100  year  intervals.  The  3:2,  5:3,  and  2:1  libration  widths  are  shown  as  solid  lines 
while  the  6:4  libration  width  is  shown  as  a dashed  line.  The  particle  is  initially 
trapped  in  the  2:1  resonance,  but  eventually  achieves  a parabolic  or  hyperbolic  orbit 
so  RADAU  ’’excludes”  it  from  the  system,  assigning  it  a semi-major  axis  of  75  AU 
and  an  eccentricity  of  0. 


Neutral  Interstellar  Gas  Drag 

Note  that  Scherer  (2000)  does  not  take  the  Lorentz  force  into  consideration, 
and  furthermore  predicts  that  trapping  of  particles  into  mean  motion  resonances  in 
the  presence  of  neutral  interstellar  gas  drag  is  very  unlikely.  In  Figure  4-19,  a full  set 
of  runs  (for  4,  10,  20,  50,  and  100  /rm  diameter  particles  as  well  as  the  /5  = 0 case) 
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Figure  4-31:  Variation  of  semi-major  axis,  resonant  argument,  and  eccentricity  with 
time  for  particle  2 in  a RADAU  run  including  the  standard  forces  and  the  Lorentz 
force  where  U = 20  V.  The  run  (u201plu_10km_7mu_250)  consist  of  249  particles 
integrated  for  250,000  years,  includes  the  effects  of  gravity,  PR  drag,  solar  wind 
corpuscular  drag,  radiation  pressure,  and  the  Lorentz  force  assuming  the  particles 
have  a potential,  U,  equal  to  20  V.  The  7 fim  diameter  particles  = 0.07104) 
were  released  from  a source  body  10  km  in  diameter  in  a Pluto-like  orbit.  (Top)  The 
variation  of  semi-major  axis,  a,  with  time.  The  exact  location  for  3:2  resonance  for 
the  P = 0 case  is  plotted  as  a dotted  line.  The  exact  locations  of  the  5:3  and  2:1 
resonances  are  plotted  as  a solid  line  and  as  a dash-dot  line,  respectively.  Particle  2 
is  initially  trapped  in  the  2:1  resonance.  Eventually,  however,  the  particle  achieves  a 
parabolic  or  hyperbolic  orbit  and  RADAU  ’’excludes”  it  from  the  system  by  assigning 
it  a = 75  AU  and  e = 0.  (Middle)  The  variation  of  the  resonant  argument  for  the 
2:1  resonance  (where  ji  = 3,  = —2,  js  = —1,  Ja  — 0,  js  ==  0,  and  jg  = 0)  with 

time.  The  resonant  argument  is  alternating  between  librating  and  circulating  for  the 
first  30,000  to  40,000  years,  before  the  particle  becomes  excluded  from  the  system. 
(Bottom)  The  particle’s  eccentricity  appears  to  reach  Cmax  shortly  before  the  particle 
achieves  a parabolic  or  hyperbolic  orbit  and  is  excluded  from  the  system  by  RADAU. 
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Table  4-6;  Percentage  of  particles  in  the  5:3  resonances  for  the  plu_10km_7mu_250 
numerical  run. 


Jl 

A' 

J2 

h 

Co' 

74 

COn 

35 

36 

Percentage  Trapped 

5 

-3 

-2 

0 

0 

0 

34.1% 

5 

-3 

-1 

-1 

0 

0 

0.0% 

5 

-3 

0 

-2 

0 

0 

0.0% 

5 

-3 

0 

0 

-2 

0 

30.5% 

5 

-3 

0 

0 

-1 

-1 

28.9% 

5 

-3 

0 

0 

0 

-2 

25.7% 

Percentage  of  particles  in  the  5:3  resonances  for  the  plu_10km_7mu_250  numerical  run. 
The  run  consists  of  7 /xm  diameter  particles  (/3  = 0.07104)  originating  from  10  km  diameter 
source  bodies  with  the  effects  of  gravity,  PR  drag,  solar  wind  corpuscular  drag,  and  radiation 
pressure  included.  The  source  bodies  had  orbital  elements  identical  to  those  of  Pluto’s.  The 
run  contains  249  particles  and  the  error  bars  are  ~ \/Nr/Nr,  where  Nr  is  the  number  of 
particles  in  resonance.  A more  thorough  study  of  trapping  in  inclination  resonances  is  left 
for  future  work. 

with  the  Lorentz  force  {U  = 5 V)  and  the  neutral  interstellar  gas  drag  (Co  = 1)  are 
shown.  Also  shown  is  a full  set  of  runs  including  the  Lorentz  force  {U  = 5 V)  and  the 
neutral  interstellar  gas  drag  where  Co  = 2.  The  results  are  not  statistically  different 
than  the  basic  case  which  does  not  include  the  Lorentz  force  or  neutral  gas  drag,  in 
contrast  to  the  predictions  of  Scherer  (2000).  As  far  as  the  percentage  of  particles 
trapped  in  the  3:2  resonance,  neutral  gas  drag  does  not  appear  to  have  an  appreciable 
effect.  However,  if  plots  of  the  projection  of  the  orbits  of  the  particles  onto  the  X and 
Y axis  are  studied  for  the  ism  plus  Lorentz  force  case,  the  “standard  forces”  case, 
and  both  Lorentz  force  cases,  the  orbits  look  slightly  different,  with  the  neutral  ism 
case  exhibiting  a different  shaped  distribution  in  X-Y  space.  As  seen  in  Figure  4- 
33,  the  torus  of  dust  for  the  ism  case  (ismplu_10km_7mu_250)  seems  “squashed” 
compared  to  the  standard  forces  case  (plu_10km_7mu_250)  and  the  U = 5 V Lorentz 
force  case  (lorplu_10km_7mu_250  cases).  In  the  case  of  the  U = 20  V Lorentz  force 
case  (u201plu_10km_7mu_250),  the  orbits  are  scattered  out  to  much  larger  ranges  of 
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Figure  4-32:  The  variation  of  semi-major  axis,  resonant  argument,  and  inclination 
with  time  for  particle  8 in  a 5:3  inclination  resonance.  The  RADAU  run  (plu_10km_- 
7mu_250)  includes  the  effects  of  gravity,  PR  drag,  solar  wind  corpuscular  drag,  and 
radiation  pressure.  The  7 fmi  diameter  particles  = 0.07104)  in  this  RADAU  run 
were  released  from  a 10  km  source  body.  (Top)  The  variation  of  semi-major  axis, 
a,  with  time.  The  exact  location  for  the  5:3  resonance  is  plotted  as  a solid  line,  the 
exact  location  of  the  3:2  resonance  is  a dotted  line,  and  the  exact  location  of  the  2:1 
resonance  is  a dash-dot  line.  (Middle)  The  variation  of  the  resonant  argument  for 
the  5:3  resonance  (where  ji  = 5,  j2  = —3,  js  = 0,  = 0,  = —2,  and  — 0) 

with  time.  The  resonant  argument  is  clearly  librating.  (Bottom)  The  variation  of 
the  inclination  of  particle  8 with  time. 


than  the  other  runs.  This  reflects  the  fact  that  many  of  the  u201plu_10km_7mu_250 
particles  eventually  become  excluded  from  the  system. 

4.4  Discussion 

From  Figures  4-19,  4-20,  and  4-21,  it  is  clear  that  the  probability  that  the  par- 
ticles remain  in  (or  are  later  recaptured  into)  the  3:2  mean  motion  resonance  increases 
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with  decreasing  ^ (i.e.,  increasing  particle  size).  Consequently,  a size  distribution  for 
a Plutino  disk  must  be  weighted  toward  the  larger  size  particles.  In  addition,  as 
long  as  the  potential,  [/,  of  the  particles  is  small  {U  ~ 51^),  the  Lorentz  force  does 
not  seem  to  inhibit  trapping.  The  same  is  true  for  the  effect  of  neutral  interstellar 
gas  drag.  Also  interesting  is  the  fact  that  for  the  10  jim  diameter  particles  for  the 
standard  forces  case,  the  percentage  of  particles  trapped  in  the  3:2  resonance  for  dif- 
ferent sized  source  bodies  (6.4%,  4.8%,  and  7.6%  for  0 km,  10  km,  and  100  km  source 
bodies,  respectively)  fall  within  the  predicted  values  of  Pcapture  listed  in  Table  4-2: 
1.966%  < Pcapture  < 21.985%.  However  in  the  case  of  the  100  fim  diameter  particles, 
significantly  more  particles  are  trapped  than  are  predicted  by  Pcapture  (90.0%,  89.2%, 
and  72.3%  for  0 km,  10  km,  and  100  km  source  bodies,  respectively)  compared  to 
1.869%  < Pcapture  < 20.898%.  Our  capture  probabilities  are  larger  than  predicted 
values  for  the  100  fim  diameter  particles  because  our  particles  started  out  within  the 
libration  width  and  were  not  required  to  evolve  into  the  resonance,  making  capture 
into  resonance  for  large  particles  much  easier.  Overall,  Figures  4-19,  4-20,  and  4-21 
indicate  that  larger  particles  are  much  more  likely  to  remain  in  the  3:2  resonance. 
Few  particles  smaller  than  10  fim  in  diameter  will  remain  in  resonance  in  a Plutino 


disk. 
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Figure  4-33:  The  X-Y  distribution  of  orbits  for  the  standard  forces  case,  both  Lorentz 
force  cases,  and  the  neutral  interstellar  gas  drag  case.  The  runs  are  for  the  case  of 
7 diameter  particles  originating  from  10  km  diameter  source  bodies:  (top  left) 
plu_10km_7mu_250,  the  standard  forces  case,  (top  right)  lorplu_10km_7mu_250,  the 
standard  forces  with  the  addition  of  the  Lorentz  force  with  a — 5V,  (bottom  left) 
u201plu_10km_7mu_250,  the  standard  forces  with  the  addition  of  the  Lorentz  force 
with  aU  = 20  V (bottom  right)  ismplu_10km_7mu_250,  the  standard  forces  with  the 
addition  of  the  Lorentz  force  with  a U = 5 V and  the  effects  of  neutral  interstellar 
gas  drag  with  Cp  = 1. 


CHAPTER  5 

SEARCHING  THE  CORE  DATA  FOR  THE  PLUTINO  DISK 


The  Diffuse  Infrared  Background  Experiment  (DIRBE)  on  the  Cosmic  Back- 
ground Explorer  (COBE)  spacecraft  operated  for  10  months  from  December  11,  1989 
to  September  21,  1990  in  10  photometric  wave  bands  at  1.25,  2.2,  3.5,  4.9,  12,  25, 
60,  100,  140,  and  240  fxm  with  a 0.7°  x 0.7°  field  of  view..  COBE  DIRBE  was  de- 
signed to  search  for  the  cosmic  infrared  background  (CIB),  diffuse  infrared  radiation 
originating  from  outside  of  the  Milky  Way  galaxy.  However,  foreground  scattered 
light  and  thermal  emission  from  interplanetary  dust  particles  in  the  zodiacal  cloud 
and  foreground  emission  from  galactic  sources  were  significant  contributors  to  the 
diffuse  infrared  sky  brightness  and  needed  to  be  removed  from  the  data.  An  em- 
pirical, parameterized  model  for  emission  from  the  zodiacal  cloud  was  developed  by 
Kelsall  et  al.  (1998)  in  order  to  allow  for  the  removal  of  the  zodiacal  emission  from 
the  COBE  data.  The  model  consists  of  a combination  of  models  for  the  zodiacal 
background  cloud,  three  asteroidal  dust  bands,  and  Earth’s  resonant  ring.  Since  it 
was  also  necessary  to  remove  diffuse  and  point  source  contributions  due  to  galactic 
emission  from  the  COBE  data,  Arendt  et  al.  (1998)  created  a model  for  the  diffuse 
contribution  from  the  galaxy  in  addition  to  detailing  the  blanking  out  procedure  for 
bright  discreet  sources  due  to  the  galaxy.  In  this  way,  both  the  zodiacal  and  galactic 
emission  can  be  removed  from  the  COBE  DIRBE  data  in  the  hunt  for  the  isotropic 
signal  of  the  cosmic  infrared  background. 

The  goal  of  this  chapter  is  two- fold:  to  refine  and  place  constraints  on  Kel- 
sall’s  empirical  model  for  the  zodiacal  cloud  and  to  search  for  the  signature  of  the 
Kuiper  belt  in  the  COBE  data,  either  detecting  the  signature  or  placing  upper  limits 
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on  such  a signal.  Our  search  for  the  Kuiper  disk  follows  the  same  basic  approach  as 
the  search  for  the  cosmic  infrared  background:  it  is  imperative  to  subtract  both  a 
complete  zodiacal  cloud  model  and  a galactic  model  from  the  COBE  data,  as  struc- 
tures associated  with  these  two  components  lying  in  the  ecliptic  plane  might  mask 
the  Kuiper  disk  signature.  A complete  model  of  the  zodiacal  cloud  would  consist  of 
three  distinct  components:  (1)  the  background  zodiacal  cloud,  (2)  the  asteroidal 
dust  bands,  and  (3)  the  resonant  ring,  a ring  of  circumsolar  material  trapped  in 
first  order  exterior  mean  motion  resonances  with  the  Earth.  Understanding  the  origin 
of  these  components  is  crucial  because  they  exhibit  prominent  asymmetries.  One  of 
the  most  important  asymmetries  to  this  dissertation  is  that  of  Earth’s  resonant  ring. 
The  resonant  ring  exhibits  a trailing/leading  asymmetry  seen  by  IRAS  and  COBE 
(Dermott  et  al.  1994,  Jayaraman  1995,  Jayaraman  et  al.  1996).  In  the  COBE  data, 
the  brightness  trailing  the  Earth  in  its  orbit  is  consistently  greater  than  the  bright- 
ness leading  the  Earth  in  its  orbit  in  the  4.9,  12,  25,  and  60  /zm  wave  bands.  Shown 
in  Figure  5-1,  are  plots  of  the  peak  flux  in  MJy/sr  versus  ecliptic  longitude  of  Earth 
for  the  4.9,  12,  25,  60,  and  100  (im  DIRBE  wave  bands.  The  filled  circles  represent 
data  obtained  in  the  trailing  direction,  and  open  circles  represent  data  taken  in  the 
direction  leading  the  Earth  in  its  orbit.  Curves  are  fit  to  the  data  and  for  the  4.9, 
12,  25,  and  60  fim  data,  the  trailing  curve  is  always  brighter  than  the  leading  curve, 
which  is  an  indication  that  the  circumsolar  resonant  ring  has  a density  enhancement 
that  trails  the  Earth  in  its  orbit.  The  effect  is  not  seen  in  the  case  of  the  100  fim  data; 
however  this  wave  band  is  strongly  affected  by  galactic  emission  (Jayaraman  1995). 
The  dynamical  explanation  of  the  trailing/leading  asymmetry  will  be  explained  in 
a later  section.  Unlike  the  uniform  cosmic  infrared  background  radiation  (CIB)  sig- 
nature, the  emission  from  the  Kuiper  disk  is  asymmetric,  time  variable,  and  located 
primarily  in  the  ecliptic  plane,  and  because  of  this  last  factor  in  particular,  it  is  of  the 
utmost  importance  to  subtract  the  best  models  for  structure  in  the  ecliptic,  namely 
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the  best  models  for  the  dust  bands  and  Earth’s  resonant  ring.  At  first,  we  attempt 
to  use  the  empirical  models  of  Kelsall  et  al.  (1998).  However,  the  short-comings  of 
these  empirical  models  become  apparent  and  we  are  led  to  choose  dynamical  models 
instead.  These  dynamical  models  incorporate  the  physics  behind  the  asymmetric 
nature  of  the  zodiacal  cloud  and  are  therefore  preferable  to  the  non-physically  based 
empirical  models. 

To  begin  with,  we  give  a brief  overview  of  the  COBE  DIRBE  data  set.  Then, 
we  discuss  the  strengths  and  weaknesses  of  both  the  empirical  Kelsall  models  and 
the  dynamical  models  (for  the  dust  bands  and  Earth’s  resonant  ring)  which  have 
been  developed  at  the  University  of  Florida.  We  also  briefly  discuss  the  methods 
used  by  Arendt  et  al.  (1998)  to  remove  the  foreground  galactic  component  of  the 
emission.  Finally,  we  subtract  each  of  the  models  (background  zodiacal  cloud,  dust 
bands,  resonant  ring,  and  galactic)  and  discuss  the  residuals,  first  pausing  after  the 
subtraction  of  the  background  zodiacal  cloud  and  the  dust  band  models  to  study  the 
residuals  which,  in  the  ecliptic,  are  dominated  by  Earth’s  resonant  ring.  By  removing 
emission  due  to  the  background  zodiacal  cloud  and  the  dust  bands,  we  expect  to  see 
the  trailing/leading  signature  of  Earth’s  resonant  ring.  However,  when  subtracted 
from  the  data,  we  find  that  none  of  the  empirical  background  zodiacal  cloud  models 
give  the  residuals  predicted  by  theory.  We  conclude  that  a dynamical  two-component 
(both  inner  and  outer)  zodiacal  cloud  model  must  be  created  to  complete  our  search. 

5.1  COBE  Observations 

The  COBE  DIRBE  data  is  organized  into  Weekly  Sky  Maps  which  provided 
average  intensities  for  each  pixel  for  a specific  week,  corresponding  to  a particular 
longitude  of  Earth,  A0.  There  are  41  weekly  sky  maps  covering  all  of  the  DIRBE 
wave  bands:  1.25,  2.2,  3.5,  4.9,  12,  25,  60,  100,  140,  and  240  fim.  Each  map  covers 
approximately  half  of  the  sky  (Hauser  et  al.  1998).  Each  COBE  DIRBE  pixel  is 
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Ecliptic  Longitude  of  Earth 


Figure  5-1:  Trailing/leading  asymmetry  as  seen  in  the  COBE  data.  Plots  of  the 
peak  flux  at  a solar  elongation  angle  of  90°  versus  ecliptic  longitude  of  Earth  for 
the  4.9,  12,  25,  60,  and  100  fim  DIRBE  wave  bands.  The  filled  circles  represent 
data  obtained  in  the  trailing  direction,  and  open  circles  represent  data  taken  in  the 
direction  leading  the  Earth  in  its  orbit.  Curves  are  fit  to  the  data  and  for  the  4.9, 
12,  25,  and  60  /rm  data,  the  trailing  curve  is  always  brighter  than  the  leading  curve, 
which  is  an  indication  that  the  circumsolar  resonant  ring  has  a density  enhancement 
that  trails  the  Earth  in  its  orbit.  The  effect  is  not  seen  in  the  case  of  the  100  iim 
data;  however  this  wave  band  is  strongly  affected  by  galactic  emission  (Jayaraman  et 
al.  1996). 


roughly  0.32°  x 0.32°.  The  Sky  Maps  are  composed  of  two  separate  scans,  one  scan 
taken  with  the  satellite  pointing  in  the  direction  leading  the  Earth  in  its  orbit  and 
the  other  scan  trailing  the  Earth.  Shown  in  Figure  5-2  is  the  weekly  sky  map  for 
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the  33rd  week,  corresponding  to  a longitude  of  Earth  of  287°,  in  the  60  /im  wave 
band.  For  Week  33,  the  leading  scan  is  the  right  half  of  Figure  5-2,  while  the  left  half 
of  the  figure  is  the  trailing  scan.  The  S-shaped  feature  is  due  to  galactic  emission. 
The  oval-shaped  feature  is  primarily  due  to  emission  from  the  zodiacal  cloud,  but 
could  mask  the  signature  of  the  Kuiper  disk.  The  brightness  is  given  in  MJy/sr.  One 
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Figure  5-2:  COBE  DIRBE  Weekly  Sky  Map  data  in  the  60  fim  wave  band  for  Week 
33  (corresponding  to  A0  = 287°).  The  left  side  of  the  image  corresponds  to  lines  of 
sight  trailing  the  Earth  in  its  orbit,  while  the  right  side  corresponds  to  leading  lines 
of  sight.  The  S-shaped  feature  is  due  to  galactic  emission.  The  oval-shaped  feature 
is  primarily  due  to  emission  from  the  zodiacal  cloud,  but  could  mask  the  signature 
of  the  Kuiper  disk. 


advantage  of  using  COBE  data  is  that  DIRBE  continuously  scanned  the  sky  at  solar 


123 


elongations  from  64°  to  124°  over  a 10  month  interval  in  order  to  produce  the  weekly 
sky  maps,  which  offer  previously  unparalleled  coverage  of  the  infrared  sky.  Another 
advantage  of  using  COBE  data  is  that  DIRBE  is  an  absolutely  calibrated  photometer. 
By  chopping  between  the  sky  signal  and  a zero-flux  internal  surface,  DIRBE  made 
very  reliable  absolute  photometric  mea.surements  (Boggess  et  al.  1992,  Hauser  et  al. 
1998,  Kelsall  et  al.  1998).  In  contrast,  the  calibration  of  the  photometric  zero-point 
of  IRAS  was  relatively  uncertain. 

5.2  Kelsall  Zodiacal  Cloud  Model 

We  present  below  a description  of  the  Kelsall  model  following  Kelsall  et  al. 
(1998.)  The  Kelsall  model  for  the  zodiacal  cloud  is  for  an  integrated  brightness  based 
on  a wavelength.  A,  and  a distance  dependent  temperature,  T(R)  = ToR~^  where  To 
= 286  K is  the  temperature  of  the  dust  at  1 AU  and  the  parameter  5 =0.467  is  very 
close  to  the  theoretical  value  of  0.5  for  large  gray  grains  in  radiative  equilibrium.  The 
brightness  integral  for  the  entire  model  can  be  written  as 

3 

= KaT’a®'^*a(0)  + (1  - Ao,x)Eo,xB^{T)K^{T)]  ds  (5.1) 

c=l 

where  the  sum  is  over  the  different  components  (i.e.,  the  dust  bands,  the  resonant  ring, 
and  the  background  cloud),  ric{X,Y,  Z)  is  the  density  distribution  for  component  c 
(dust  bands,  resonant  ring,  or  background  cloud)  with  regards  to  heliocentric  ecliptic 
coordinates  {X,Y,Z),  Ac,\  is  the  albedo  for  component  c at  wavelength  A,  F®  is 
the  solar  flux,  $a(0)  is  the  phase  function  for  scattering  at  an  angle  0,  and  Ec,\  is 
the  emissivity  factor  that  corrects  for  deviations  from  B\{T),  the  blackbody  thermal 
emission.  Finally,  K\{T)  is  the  color  correction  factor,  the  use  of  which  is  equivalent 
to  convolving  the  source  function  with  the  DIRBE  spectral  response  (Kelsall  et  al. 
1998,  Hauser  et  al.  1998).  For  the  mid  and  far  infrared  wave  bands  we  are  considering 
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(A  > 12  ^m),  the  albedos  are  zero,  so  equation  5.1  reduces  to 


C=1 


(5.2) 


The  parameters  for  the  zodiacal  cloud  models  were  determined  by  using  the  Levenberg- 
Marquardt  nonlinear  least-squares  optimization  algorithm  (Kelsall  et  al.  1998,  Bev- 
inton  1969)  and  the  relevant  parameters,  taken  from  Kelsall  et  al.  (1998),  for  the 
25  and  60  fim  wave  band  are  listed  in  Table  5-1.  Since  the  CIB  was  assumed  to  be 
isotropic,  the  rational  of  Kelsall  et  al.  (1998)  was  to  fit  parameters  of  the  zodiacal 
cloud  relying  on  the  assumption  that  the  zodiacal  cloud  brightness  would  be  time 
varying.  Due  to  the  fact  that  the  CIB  was  expected  to  be  faint  compared  to  the 
foreground  components,  the  Kelsall  zodiacal  cloud  model  was  hoped  to  reproduce 
the  zodiacal  cloud  brightness  to  within  a few  percent  (Kelsall  et  al.  1998).  All  that 
remains  is  defining  the  density  distributions  for  the  different  components. 

5.2.1  Kelsall  Background  Zodiacal  Cloud  Model 

The  background  zodiacal  cloud  is  offset  from  the  sun.  Kelsall  et  al.  (1998) 
account  for  this  by  allowing  the  model  to  be  offset  from  the  Sun  by  {Xg,  Yg,  Zg)  so 
that  the  coordinates  of  the  cloud  became  X',Y',  and  Z',  where  X'  = X — Xg.  Y'  and 
Z'  are  similarly  defined.  As  we  will  later  see,  the  values  for  Xg,  Yg,  and  Zg  appear 
to  be  incorrect  since  the  given  model  offset  does  not  match  the  offset  seen  in  the 
COBE  data.  The  height  above  the  mid-plane  of  the  cloud,  Zg,  is  written  as  Zg  — 
X'  sin  (D)  sin  (i)  — Y'  cos  (Q)  sin  (i)  -|-  Z'  cos  (i)  where  i and  n are  the  inclination  and 
ascending  node  of  the  background  cloud  mid-plane.  We  can  define  a function,  /(C) > 
which  represents  a fan-like  vertical  distribution  as  /(C)  = where  C = \Zg/Rg\ 

and  j3y  and  7 are  model  parameters  representing  a vertical  shape  parameter  and  a 
vertical  power  law  exponent,  respectively.  The  variable  g is  defined  as 


for  C < ^ 
for  C > M 


(5.3) 
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Table  5-1:  Relevant  parameters  for  Kelsall  zodiacal  cloud  model. 


Parameter 

Name 

Description 

Value 

68  % Joint 

Confidence  Uncertainty 

rio 

Density  at  1 AU 

1.13  X 10-^AU-i 

6.4  X 10"^°  AU-i 

a 

Radial  power-law  exponent 

1.34  ' 

0.022 

Pv 

Vertical  shape  parameter 

4.14 

0.067 

7 

Vertical  power-law  exponent 

0.942 

0.025 

Widening  parameter 

0.189 

0.014 

i 

Inclination  of  cloud 

2.03° 

0.017° 

Vt 

Ascending  node  of  cloud 

77.7° 

0.6° 

Xo 

X offset  from  Sun 

0.0119  AU 

0.0011  AU 

Yo 

y offset  from  Sun 

0.00548  AU 

0.00077  AU 

Zo 

z offset  from  Sun 

, -0.00215  AU 

0.00043  AU 

To 

Temperature  at  1 AU 

286  K 

- 

Ee 

Emissivity  factor  for 
background  cloud  at  25  //m 

1.00 

— 

Ey 

Emissivity  factor  for 
background  cloud  at  60  [im 

0.733 

0.0055 

Relevant  parameters  are  listed  for  the  Kelsall  zodiacal  cloud  model.  These  parameters  for 
the  background  cloud  in  the  25  and  60  /im  wave  bands  are  taken  from  Table  1 of  Kelsall 
et  al.  (1998). 


and  we  can  then  write  the  density  distribution  for  the  background  zodiacal  cloud  as 


n,(X,y,Z)=n„iS;“/(0 


(5.4) 


where  Ug  is  the  density  at  1 AU  and  a is  the  radial  power  law  exponent.  As  can 
be  seen,  there  are  many  different  parameters  in  one  single  density  distribution.  The 
strengths  and  weaknesses  of  the  model  are  discussed  in  subsequent  sections. 


5.2.2  Kelsall  Dust  Band  Model 


The  density  distribution  for  the  dust  band  can  be  written  as 

pBi 


nBi(X,  V,  Z)  = e-“  (1  - e'“) 


VBi  + 


(5.5) 
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Figure  5-3:  Kelsall  background  zodiacal  cloud  model.  The  model  is  viewed  in  the 
60  iim  wave  band  for  Week  33  (corresponding  to  A©  - 287°). 


where 


and 


Ci  = 


Di  = 


Cni 


R 


>RBi 


20 


(5.6) 


(5.7) 


ri2,Bi  is  the  density  of  the  dust  band  at  3 AU,  vbii  and  pBi  are  shape  pa- 
rameters, and  5RBi  is  a parameter  which  determines  how  far  the  dust  band  has 
migrated  in  toward  the  Sun.  (^Bi  = \zBi/Rb\  is  the  ratio  of  the  height  of  the  z‘^  dust 
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band  above  the  mid-plane  to  its  radial  location.  The  weaknesses  of  this  model  and 
why  we  choose  not  to  use  it  are  discussed  in  subsequent  sections. 

5.2.3  Kelsall  Circumsolar  Ring  Model 

Kelsall  et  al.  (1998)  choose  to  model  the  resonant  ring  and  trailing/leading 
asymmetry  as  an  empirical  parameterized  model.  The  density  distribution  for  the 
ring,  Z),  is  composed  of  two  distinct  parts,  one  component  due  to  the  cir- 

cumsolar ring.  Tiring,  and  a second  component  ribiob,  due  to  a ’’trailing  blob,”  the 
trailing/leading  asymmetry  seen  by  IRAS  and  CORE  (Dermott  et  al.  1994); 

nR{X,Y,Z) 

^ring  T ^blob  (^'®) 


where 


and 


riring  = nsR  X 6Xp 


{R-Rsr)^  \Zr\ 


“^^rSR 


(^zSR. 


nuob  = riTB  X exp 


{r-Rtb?  \Zr\  {e-OTB? 


2rr2 

^<JrTB 


<^zTB 


z^Oqtb 


(5.9) 


(5.10) 


In  the  above  equations,  the  subscript  SR  stands  for  the  circumsolar  ring  component 
while  TB  stands  for  the  trailing  density  enhancement  component.  The  n parameters 
refer  to  peak  number  density  at  location  R,  and  the  a parameters  are  free  param- 
eters for  the  scale  lengths  in  the  corresponding  R,  Zr,  and  9 coordinates.  9 is  the 
heliocentric  ecliptic  longitude  relative  to  the  mean  longitude  relative  to  the  mean  lon- 
gitude of  Earth.  The  fact  that  this  ring  model  divides  the  ring  into  two  components 
is  non-physical  and  will  be  discussed  in  subsequent  sections.  Ultimately,  we  choose 
not  to  use  this  model  in  favor  of  a dynamical  ring  model. 


5.2.4  Discussion  of  Kelsall  Models 


As  an  initial  step  to  searching  for  the  Kuiper  disk,  we  attempt  to  recreate  the 
three  components  of  the  empirical  zodiacal  cloud  model,  following  the  description 
of  each  component  as  provided  by  Kelsall  et  al.  (1998).  However,  we  are  only 
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able  to  successfully  reconstruct  the  empirical  background  zodiacal  cloud  model  to 
~ 1%.  Our  attempts  to  reconstruct  the  dust  band  model,  for  instance,  produce  a 
model  that  appears  similar  in  form  to  the  results  of  Kelsall  et  al.  (1998).  However, 
upon  comparison  with  the  actual  model  brightnesses  for  two  different  positions  at 
two  different  times  (DIRBE  Pixel  162811  (A  = 122°,  ,5  = 0°)  Week  22  and  DIRBE 
Pixel  64552  (A  = 137°,  (3  = 46°  Week  25),  our  model  brightnesses  differed  from  the 
published  values  by  16  to  19%  for  the  25  wave  band,  and  15  to  21%  for  the 
60  fim  wave  band.  The  fact  that  our  results  do  not  differ  by  a simple  scale  factor  is 
worrisome,  and  implies  the  parameters  of  the  Kelsall  model  have  not  been  published 
accurately.  Furthermore,  we  are  unable  to  reproduce  the  Kelsall  ring  model  with 
any  degree  of  reliability  and  simply  do  not  believe  that  their  method  of  dividing  the 
ring  model  into  a ring  and  a separate  blob  is  physically  meaningful.  As  a result,  we 
are  not  using  our  reproductions  of  either  the  Kelsall  dust  band  model  or  the  Kelsall 
circumsolar  ring  model  for  the  analysis  in  this  dissertation.  Instead,  we  replace  the 
empirical  dust  band  and  ring  models  with  a dynamical  dust  band  model  from  Grogan 
et  al.  (2001)  and  a dynamical  ring  model  from  Jayaraman  (1995)  and  Jayaraman  et 
al.  (2001). 


5.3  Dynamical  Zodiacal  Cloud  Models 

The  University  of  Florida  dynamical  models  are  based  on  the  theory  of  dust 
particle  capture  into  mean  motion  resonances  in  the  presence  of  drag  forces  (Weiden- 
schilling  and  Jackson  1993,  Liou  and  Zook  1997)  and  the  theory  of  secular  pertur- 
bations, the  classical  method  used  to  study  the  long  term  orbital  evolution  of  both 
planets  and  minor  planets  in  planetary  systems.  The  dynamical  evolution  of  the  par- 
ticles is  followed  from  source  to  sink  with  Poynting  Robertson  light  drag  (PR  drag), 
solar  wind  drag,  radiation  pressure,  and  the  effects  of  planetary  gravitational  pertur- 
bations included.  Baised  on  these  effects,  a set  of  orbits  is  generated  for  the  particles 
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in  the  disk.  The  orbits  of  the  particles  are  distributed  through  a three-dimensional 
array  of  cells,  generating  a three-dimensional  numerical  SIMUL  model,  the  basic  as- 
sumptions of  which  are  outlined  in  Appendix  A.  A Line  of  Sight  (LOS)  Integrator 
allows  a model  to  be  viewed  as  it  would  appear  to  an  Earth-based  observer  in  a given 
wave  band  at  a specified  distance.  The  brightness  along  the  line  of  sight  is  calculated 
assuming  the  particles  are  spheres  of  a given  diameter  which  are  composed  of  a given 
material  (such  as  astronomical  silicate),  and  the  optical  properties  of  these  particles 
are  obtained  using  an  advanced  Mie  theory  (Gustafson  1994).  The  model  can  even  be 
convolved  with  a beam  size  or  pixel  size  to  simulate  how  an  observation  would  appear 
to  a specific  telescope  or  space  observatory,  such  as  as  COBE.  Models  of  this  kind 
have  been  successfully  used  to  study  asymmetries  in  the  zodiacal  cloud  (Dermott  et 
al.  1998;  Holmes  et  al.  1998),  planetary  debris  disks  (Wyatt  et  al.  1999),  the  Kuiper 
disk  (Liou  et  al.  1999),  and  exo- zodiacal  clouds  (Holmes  et  al.  1999). 

5.3.1  Background  Zodiacal  Cloud 

As  of  yet,  there  is  no  complete  dynamical  model  of  the  background  zodiacal 
cloud,  which  is  why  it  is  necessary  to  utilize  an  empirical  model  like  that  of  Kelsall 
(1998).  Dynamical  models  of  both  the  dust  bands  (Grogan  et  al.  2001)  and  Earth’s 
resonant  ring  (Jayaraman  1995)  have  been  produced,  however.  These  models  are 
preferable  to  the  empirical  Kelsall  models  because  they  provide  physical  insights 
into  the  processes  which  form  and  maintain  these  structures.  Discrete  features  like 
the  dust  bands  and  resonant  ring  are  relatively  simple  to  model  compared  to  the 
background  zodiacal  cloud,  which  is  a very  complicated  system.  Many  unresolved 
questions  remain  about  the  background  cloud,  such  as  what  is  the  dominant  source  of 
particles,  what  is  the  size  frequency  distribution  of  the  dust,  and  how  can  dynamical 
models  be  constructed  to  account  for  the  warp  and  offset  of  the  background  cloud. 

The  dominant  source  of  the  cloud  is  still  not  known.  Clearly,  both  asteroidal 
and  cometary  particles  contribute  to  the  cloud,  but  their  percentage  contributions 
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have  not  yet  been  definitively  determined,  though  the  current  view  is  that  asteroidal 
particles  dominate  (Dermott  et  al.  2000).  The  dynamical  modeling  techniques  use 
low-order  secular  perturbation  theory  which  applies  only  to  low  eccentricity  orbits. 
Typically,  comets  and  cometary  particles  have  highly  eccentric  orbits,  while  asteroids 
and  asteroidal  particles  have  low  eccentricities.  As  a result,  the  dynamical  models 
have  focused  on  low  eccentricity  asteroidal  dust  particles.  Recently,  it  has  been  shown 
that  mean  motion  resonances  can  transform  asteroidal  orbits  into  cometary  orbits. 
Likewise,  scattering  and  secular  resonances  can  also  transform  asteroidal  orbits  into 
cometary  orbits  (Dermott  et  al.  2000).  In  addition,  dust  particles  from  the  Kuiper 
belt  (Liou  et  al.  1996)  as  well  as  interstellar  dust  particles  (Grogan  et  al.  1996)  may 
contribute  a small  percentage  of  the  brightness  of  the  background  cloud. 

In  the  past,  a collisional  size  frequency  distribution  corresponding  to  collisional 
equilibrium  was  assumed,  with  a size  frequency  index  q=1.83  (Dohnanyi  1969).  A 
record  of  the  actual  size  frequency  distribution  of  the  dust  particles  at  1 AU  exists 
in  the  cratering  record  on  the  LDEF  satellite  (Love  and  Brownlee  1993).  This  record 
shows  that  the  surface  area  is  dominated  by  large  particles,  peaking  at  approximately 
100  fjLm  diameter  particles,  rather  than  smaller  particles  as  assumed  by  collisional 
equilibrium.  The  linear  portion  of  the  curve  between  10  and  100  fim  gives  a qioEF  ~ 
1.2.  This  result,  is  a measure  of  q at  1 AU  and  may  be  complicated  by  the  presence 
of  Earth’s  resonant  ring  and  the  fact  that  Earth  preferentially  accretes  asteroidal 
particles.  Consequently,  qiDEF  may  differ  from  the  true  q for  the  background  cloud. 
(Dermott  et  al.  1999a). 

As  discussed  in  previous  Chapter  3,  the  background  zodiacal  cloud  is  warped 
and  the  center  of  symmetry  of  the  background  cloud  is  displaced  from  the  Sun.  These 
asymmetries  are  caused  by  the  presence  of  planets  in  the  solar  system.  The  warp  in 
the  plane  of  symmetry  of  the  zodiacal  cloud  is  caused  by  the  variation  of  the  forced 
inclinations  of  the  dust  particles  with  respect  to  their  heliocentric  distances.  The 
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warp  is  due  to  the  fact  that  the  planets  do  not  have  a common  orbital  plane  (Holmes 
et  al.  1997,  Dermott  et  al.  1998).  The  offset  is  due  to  the  fact  that  the  planets 
have  eccentric  orbits  (Holmes  et  al.  1998,  Dermott  et  al.  1998).  Models  of  heuristic 
warped  clouds  have  been  constructed  (Holmes  et  al.  1998)  as  well  as  models  of  an 
offset  disk  around  another  star,  HR  4796A  (Wyatt  et  al.  1999).  However,  a complete 
model  of  the  background  zodiacal  cloud  which  accounts  for  both  its  warp  and  offset 
has  not  yet  been  developed. 

Due  to  these  unresolved  questions,  it  is  necessary  to  utilize  the  Kelsall  et 
al.  (1998)  model  for  the  background  zodiacal  cloud,  but  with  a modification  to  the 
original  model  Xo,  and  Zg  offsets,  requiring  that  the  model  offset  fits  the  offset 
seen  in  the  CODE  data.  As  seen  in  Figure  5-4,  the  maximum  of  the  (N-|-S)/2  variation 
is  located  at  43.8°  ± 3.0  for  the  CODE  data  and  at  90.7°  ± 0.1  for  the  Kelsall  model, 
a difference  of  46.9°.  The  residuals  from  the  subtraction  of  both  the  original  Kelsall 
model  and  modified  Kelsall  models  will  be  discussed  in  subsequent  sections. 

5.3.2  Dynamical  Dust  Band  Model 

Discovered  by  IRAS  (Low  et  al.  1984),  the  dust  bands  have  been  attributed  to 
the  break  up  of  three  Hirayama  asteroid  families:  Eos,  Themis,  and  Koronis  (Dermott 
et  al.  1984).  Components  due  to  each  of  these  families  are  included  in  the  dynamical 
dust  band  model  developed  by  Grogan  et  al.  (2001)  which  we  use  in  this  dissertation. 
Specifically,  models  for  the  Eos  dust  bands  are  combined  with  models  for  the  Themis 
and  Koronis  dust  bands  to  produce  a total  dust  band  model.  Each  of  the  dust  band 
models  are  three  dimensional  models  constructed  from  a given  set  of  initial  orbital 
elements. 

In  constructing  a model,  the  dynamical  evolution  of  a set  of  dust  particles  of 
various  sizes  is  followed  from  source  to  sink  using  the  RADAU  numerical  integrator 
with  Poynting  Robertson  light  drag  (PR  drag),  solar  wind  drag,  radiation  pressure. 
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25  /xm  Average  Polar  Brightness 


Figure  5-4:  Average  polar  brightness  for  the  25  urn  CODE  DIRBE  vs.  the  Kelsall 
background  cloud  model.  The  peak  of  the  CODE  data  is  clearly  different  than  the 
peak  of  the  Kelsall  model,  implying  the  offset  of  the  COBE  data  is  different  than 
the  offset  of  the  Kelsall  model.  The  maximum  of  the  (N+S)/2  variation  is  located  at 
43.8°  ± 3.0  for  the  COBE  data  and  at  90.7°  ± 0.1  for  the  Kelsall  model,  a difference 
of  46.9°. 

and  the  effects  of  planetary  gravitational  perturbations  included.  The  orbital  ele- 
ments of  these  dust  particles  are  decomposed  into  forced  elements  and  proper  ele- 
ments, in  accordance  with  low-order  secular  perturbation  theory.  The  inclination  and 
eccentricity  of  asteroidal  orbits  are  typically  low,  and  therefore  the  forced  elements 
are  independent  of  the  proper  elements  and  are  functions  of  only  the  semi-major  axis 
and  the  particle  size.  The  proper  elements  are  determined  from  the  initial  conditions 
on  the  dust  particles.  Since  the  particles  in  each  family  dust  band  are  believed  to 
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Figure  5-5:  For  this  dissertation,  we  construct  an  Aitoff  projection  of  the  total  Eos 
dust  band  model  in  the  25  wave  band.  This  is  now  the  model  would  appear  to  an 
exo-solar  observer.  I proper  is  approximately  9.4°.  This  model  was  originally  developed 
by  Grogan  et  al.  (2001). 

have  originated  from  the  corresponding  asteroid  family,  an  initial  guess  for  the  proper 
inclination  is  that  of  the  mean  inclination  of  the  asteroid  family.  This  initial  value  for 
Iproper  is  refilled  experimentally,  by  fitting  a succession  of  dust  band  models  to  IRAS 
data  until  the  best  fit  is  determined  (Grogan  et  al.  2001).  The  forced  and  proper 
elements  are  then  added  vectorially  to  find  the  osculating  elements,  in  accordance 
with  the  particle  in  a circle  method  described  in  Chapter  2 (See  Figure  2-1). 

Based  on  the  set  of  osculating  elements  generated  by  the  numerical  integra- 
tions, a SIMUL  model  is  constructed  (See  Appendix  A).  The  models  are  built  by 
generating  a set  of  orbits  for  the  particles  in  the  model  disk  and  then  distributing  the 
orbits  through  a three  dimensional  array  of  cells.  A Line  of  Sight  (LOS)  Integrator 
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Figure  5-6:  An  Aitoff  projection  of  the  total  Themis  dust  band  model  in  the  25  fim 
wave  band,  /proper  is  approximately  1.4°  (Grogan  et  al.  2001). 

allows  a model  to  be  viewed  as  it  would  appear  to  an  Earth-based  observer  in  a given 
wave  band  at  a specified  distance.  The  brightness  along  the  line  of  sight  is  calcu- 
lated assuming  the  particles  are  spheres  of  a given  diameter  which  are  composed  of 
astronomical  silicate,  and  the  optical  properties  of  these  particles  are  obtained  using 
an  advanced  Mie  theory  (Gustafson  1994).  Using  the  LOS  Integrator,  the  model  can 
be  viewed  as  if  it  were  an  exo-solar  dust  band  or  it  can  be  converted  to  the  weekly 
sky  map  format  so  it  can  be  compared  to  the  COBE  DIRBE  data.  Three  different 
models  are  constructed  (an  Eos  model,  a Themis  model,  and  a Koronis  model)  and 
then  combined  into  a total  dust  band  model. 

The  Eos  dust  band  model  has  a proper  inclination,  Iproper,  equal  to  9.35° 
with  a mean  semi-major  axis  of  3.015  AU.  The  Themis  dust  band  model  is  located 
at  approximately  3.148  AU  with  an  /proper  of  1-43°.  Lastly,  the  Koronis  dust  band 
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Figure  5-7:  An  Aitoff  projection  of  the  total  Koronis  dust  band  model  in  the  25  fim 
wave  band,  /proper  is  approximately  2.1°  (Grogan  et  al.  2001). 

model  has  an  Iproper  — 2.11°  with  a mean  semi-major  axis  of  2.876  AU  (Grogan  et 
al.  2001).  Each  model  is  composed  of  several  different  models  based  on  single  size 
particles.  Models  for  particles  with  diameters  of  4,  9,  14,  25,  and  100  /xm  are  included. 
These  individual  models  are  weighted  according  to  a size  frequency  distribution  with 
index  q = 1.43  and  are  show  in  Figure  5-5,  Figure  5-6,  and  Figure  5-7.  In  turn,  the 
Eos,  Themis,  and  Koronis  models  are  combined  to  form  a total  dust  band  model  by 
weighting  each  model  according  to  its  respective  contribution  to  the  dust  band: 

Total  Dust  Band  Model  = A.O  Eos  + 0.35  Themis  + 0.3b  Koronis  (5.11) 

The  total  dynamical  dust  band  model  is  shown  in  an  exo-zodiacal  view  for  the  25 
/xm  wave  band  in  Figure  5-8  and  as  a CODE  Weekly  Skymap  for  Week  33,  which 
corresponds  to  a longitude  of  Earth,  A0  = 287°,  in  Figure  5-9.  The  total  area  of 
dust  in  the  dynamical  dust  band  model  is  4.7  x 10^  km^. 


136 
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Figure  5-8:  An  Aitoff  projection  of  the  total  dust  band  model  in  the  25  fj,m  wave 
band.  (Grogan  et  al.  2001). 

It  should  be  noted  that  the  dust  bands  have  two  distinct  components:  a low 
frequency  component  that  blends  into  the  background  cloud  and  a high  frequency 
component  that  is  easily  identifiable  and  has  been  associated  with  three  Hirayama  as- 
teroid families  (Eos,  Themis,  and  Koronis).  Due  to  the  existence  of  the  low  frequency 
component,  an  iterative  process  (Dermott  et  al.  1994a,  Grogan  et  al.  1997,  Grogan 
et  al.  2001)  must  be  used  to  to  separate  the  low  frequency  dust  band  component  from 
the  background  cloud  signal.  First,  the  dust  band  model  is  added  to  the  background 
zodiacal  cloud.  Either  an  observation  or  a model  of  the  background  cloud  can  be 
used,  and  in  this  case  the  Kelsall  background  zodiacal  cloud  model  is  used.  The  com- 
bination of  the  dynamical  dust  band  model  and  the  Kelsall  background  cloud  model 
is  then  Fourier  filtered.  The  resultant  high  frequency  component  (RHG)  is  simply 
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Figure  5-9:  A CODE  Weekly  Skymap  type  projection  of  the  total  dust  band  model 
in  the  60  pm  wave  band  for  Week  33  (corresponding  to  A0  = 287°).  This  model  was 
originally  developed  by  Grogan  et  al.  (2001). 

the  high  frequency  component  of  the  dust  band  model.  The  resultant  low  frequency 
component  (RLC)  has  three  distinct  members:  (1)  the  background  zodiacal  cloud, 
or  the  “true  background  cloud,”  (2)  the  low  frequency  component  of  the  dust  band 
model,  and  (3)  the  low  frequency  component  of  the  dust  bands  that  had  previously 
blended  into  the  background  cloud.  Assuming  that  (2)  and  (3)  are  approximately 
equal,  the  true  background  cloud  can  be  determined  by  subtracting  the  low  frequency 
component,  RLC,  from  twice  the  original  background  cloud  (Grogan  et  al.  2001), 
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which  contains  both  the  low  frequency  component  of  the  dust  band  model  (Low)  and 
the  true  zodiacal  background  cloud  (True  Zody).  Denoting  (1)  as  “True  Zody”  and 
(2)  and  (3)  as  “Low,”  we  can  write 

True  Zody  = 2 x {Kelsall  Background)  — RLC  (5.12) 

= 2 X {Low  + True  Zody)  — RLC  (5.13) 

= 2 X {Low  + True  Zody)  — {True  Zody  + Low  + Low) 

= True  Zody 

where  True  Zody  is  the  true  zodiacal  background  cloud,  that  is,  the  background  cloud 
without  the  extra  low  frequency  dust  band  component.  In  this  dissertation,  when  we 
subtract  the  background  cloud  from  the  COBE  data  to  study  the  residuals,  we  will 
be  subtracting  the  true  zodiacal  background  cloud. 

5.3.3  Dynamical  Circumsolar  Ring  Model 

The  dynamical  circumsolar  ring  model  was  produced  by  Jayaraman  et  al.  1995 
in  the  following  manner.  First,  numerical  integrations  of  particles  of  a set  diameter 
were  run  to  determine  the  capture  rates  of  these  particles  into  various  first  order 
external  mean  motion  resonances  with  the  Earth.  The  percentage  of  particles  trapped 
in  the  p : p + 1 external  resonances,  w'here  p ranged  from  3 to  17,  was  determined 
experimentally  as  was  the  average  trapping  time  for  the  particles.  For  12/rm  diameter 
particles,  on  average  approximately  20%  of  the  particles  were  trapped.  An  approach 
to  modeling  that  was  numerical  in  nature  was  considered,  but  later  rejected.  To 
build  a numerical  model  by  means  of  numerical  integrations  requires  large  numbers  of 
particles  to  obtain  the  desired  model  resolution,  especially  since  such  a large  number 
of  resonances  had  to  be  considered.  At  the  time,  it  was  considered  that  due  to 
the  low  percentage  of  trapped  particles,  it  would  be  an  inefficient  use  of  computer 
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Figure  5-10:  True  background  zodiacal  cloud  model  in  the  25  /im  wave  band  for 
the  original  Kelsall  background  zodiacal  cloud  model  and  the  dynamical  dust  band 
model.  The  brightness  levels  at  the  center  of  the  model  have  a very  sharp  peak 
(22516.8  MJy/sr),  due  to  the  fact  that  this  model  and  the  Kelsall  model  are  centered 
on  the  Sun.  The  maximum  displayed  brightness  is  set  to  100  MJy/sr  in  order  to  be 
able  to  see  the  dimmer  parts  of  the  model  farther  out  from  the  Sun.  In  addition, 
there  is  also  a trough  in  brightness  near  the  center  and  near  the  poles,  there  are 
some  areas  of  very  low  brightness.  These  are  both  functions  of  the  Fourier  fitting 
routines,  but  are  not  troublesome  since  the  problematic  regions  near  the  Sun  are 
neatly  encompassed  by  the  Sun-avoidance  region  in  the  COBE  data  and  our  search 
for  the  Kuiper  disk  is  centered  in  the  ecliptic  and  not  near  the  poles.  The  Kelsall 
et  al.  (1998)  background  zodiacal  cloud  model  used  is  shown  in  Figure  5-3  and  the 
dynamical  dust  band  model  used  is  shown  in  Figure  5-9,  but  for  the  60  fiTn  wave 
band.  The  shape  and  basic  attributes  of  the  models  are  similar  from  wave  band  to 
wave  band,  but  the  flux  levels  are  different. 
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time  to  generate  enough  orbits  to  build  a model  numerically.  Instead,  a different 
approach  was  taken  which  consisted  of  selecting  a “typical”  orbit  for  each  resonance. 
The  criteria  for  choosing  these  typical  orbits  were  a large  libration  amplitude  and 
a long  trapping  lifetime.  Each  typical  orbit  was  integrated  for  its  experimentally 
determined  trapping  lifetime  and  then  weighted  by  its  numerically  obtained  capture 
probability.  The  orbits  were  combined  to  produce  the  initial  orbital  model.  A three 
dimensional  model  was  then  constructed  in  much  the  same  way  the  dynamical  dust 
band  SIMUL  models  were  created.  The  orbits  in  the  model  were  distributed  through 
a toroidal,  three  dimensional  array  of  cells  around  the  Earth’s  orbit.  A Line  of 
Sight  (LOS)  Integrator  allows  a model  to  be  viewed  as  it  would  appear  to  an  Earth- 
based  observer  in  a given  wave  band  at  a specified  distance  (Jayaraman  et  al.  1995, 
Jayaraman  et  al.  2001).  Shown  in  Figure  5-11  is  an  exo-solar  system  view  of  a model 
of  Earth’s  resonant  ring.  The  model  is  composed  solely  of  12  fim  diameter  particles 
and  is  viewed  in  the  12  fj,m  wave  band.  The  white  dot  in  the  center  of  the  torus 
represents  the  Sun,  while  the  dot  that  is  above  the  Sun  represents  the  Earth.  The 
concentration  of  material  to  the  right  of  the  Earth  is  the  trailing  density  enhancement 
discussed  earlier.  Since  the  toroidal  dust  ring  co- rotates  with  the  Earth,  it  is  easy  to 
see  why  the  trailing  scans  would  always  be  brighter  than  the  leading  scans.  There 
are  several  important  points  to  note  about  the  dynamics  of  the  resonant  ring  model, 
the  first  of  which  is  that,  in  a frame  which  co- rotates  with  the  Earth,  the  orbit  of 
a particle  in  a p -I-  1 : p resonance  has  p lobes,  which  appear  as  regions  of  particle 
density  enhancement  (Murray  and  Dermott  1999)  in  a multiple  particle  system.  For 
example,  in  a 3:2  external  mean  motion  resonance,  the  particle  orbits  the  Sun  twice 
for  every  three  times  the  Earth  completes  an  orbit.  Hence,  the  resonant  ring  will  have 
2 lobes,  which  co-rotate  with  the  planet.  Over  many  cycles  with  multiple  particles, 
the  particle  density  distribution  will  appear  to  be  a toroidal  ring  with  two  lobes  of 
enhanced  brightness,  as  discussed  in  Chapter  4 for  the  case  of  the  3:2  mean  motion 
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Figure  5-11:  Exosolar  system  view  of  a dynamical  model  of  Earth’s  resonant  ring 
composed  of  12  micron  diameter  particles  as  viewed  in  the  12  /im  wave  band.  The 
white  dot  in  the  center  of  the  torus  represents  the  Sun,  while  the  dot  that  is  above  the 
Sun  represents  the  Earth.  The  dots  are  not  to  scale.  The  concentration  of  material 
to  the  right  of  the  Earth  is  the  trailing  density  enhancement  discussed  earlier.  Since 
the  toroidal  dust  ring  co-rotates  with  the  Earth,  it  is  easy  to  see  why  the  trailing 
scans  would  always  be  brighter  than  the  leading  scans  in  the  12  //m  wave  band.  The 
intensity  scale  is  in  MJy/sr  (Jayaraman  et  al.  1995,  Dermott  et  al.  1998,  Jayaraman 
et  al.  2001). 


resonance  with  Neptune.  In  the  case  of  the  Earth’s  resonant  ring,  there  are  many 
different  external  mean  motion  resonances  in  which  particles  become  trapped,  so  the 
ring  is  a supper-position  of  many  lobes.  In  the  case  where  there  are  no  drag  forces  on 
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Figure  5-12:  CODE  Weekly  Skymap  type  projection  of  the  resonant  ring  model, 
constructed  with  15  fim  diameter  particles  in  the  60  //m  wave  band  for  Week  33 
(corresponding  to  A0  = 287°).  The  left  side  of  the  image  corresponds  to  lines  of 
sight  trailing  the  Earth  in  its  orbit,  while  the  right  side  corresponds  to  leading  lines 
of  sight.  The  concentration  of  material  on  the  left  (or  trailing)  side  is  clearly  brighter 
than  that  on  the  right  (or  leading)  side  of  the  image,  illustrating  the  trailing/leading 
asymmetry.  The  intensity  is  in  MJy/sr. 


the  particle,  that  is  if  /3  = 0,  then  the  ring’s  lobes  would  be  symmetric  with  respect 
to  the  Earth-Sun  line,  with  the  Earth  residing  between  the  lobes  for  the  case  of  stable 
aphelion  librators,  corresponding  to  a resonant  argument,  0,  of  180°.  However,  since 
the  resonant  argument  depends  on  the  drag  rate,  when  drag  is  introduced  into  the 
system  (^  > 0),  the  resonant  argument  takes  on  a value  that  maximizes  < siruf)  > in 
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order  to  compensate  for  the  drag  force.  This  results  \n  (j)  > it  which  means  that  the 
conjunction  of  the  particle  with  the  Earth  occurs  after  the  particle’s  aphelion  and 
which  makes  the  lobes  in  the  orbit  asymmetric  with  respect  to  the  Earth-Sun  line. 
Since  the  Earth’s  resonant  ring  involves  many  different  resonances,  in  the  presence 
of  substantial  drag  forces  (i.e.,  for  small  particles),  the  lobes  of  the  particles  bunch 
together  behind  the  Earth  in  its  orbit  causing  the  brightness  trailing  the  Earth  in  its 
orbit  to  always  be  brighter  than  the  brightness  leading  the  Earth  in  its  orbit.  This 
effect  can  be  seen  in  the  model  (Figure  ) and  in  the  CODE  data  (Dermott  et  al. 
1994b,  Dermott  et  al.  1999a,  Jayaraman  et  al.  1995,  Malhotra  1996,  Jayaraman  and 
Dermott  2001). 


5.4  Arendt  ISM  Models 

In  addition  to  the  zodiacal  cloud,  there  is  another  component  which  needs  to 
be  subtracted  from  the  COBE  DIRBE  data  to  complete  our  search  for  the  Kuiper 
disk:  the  component  of  the  infrared  sky  brightness  that  is  due  to  galactic  emission. 
Following  the  derivation  outlined  in  Arendt  et  al.  (1998),  we  can  break  the  infrared 
sky  brightness,  Iobs{l,b,  X,t),  into  components: 

^obsih  b,  X,t)  — Z{1,  b,  A,  t)  + Gs{l,  b,  A)  + Gj{l,  b,  A)  -|-  Iq{1,  b,  A)  (5T4) 

where  I and  b are  Galactic  longitude  and  latitude,  A is  the  wave  band  in  microns,  t is 
time,  Z{1,  b,  A,  t)  is  the  emission  due  to  all  three  components  of  the  zodiacal  cloud,  and 
Gs{l,b,X)  is  the  galactic  emission  due  to  resolved  and  unresolved  stars.  Gs{l,b,X) 
can  be  broken  down  further  into  emission  due  to  bright  sources  and  emission  due 
to  faint  sources.  The  bright  sources  are  simply  blanked  out.  The  faint  sources  are 
modeled  using  a Faint  Source  Model  (Arendt  et  al.  1998,  Wainscoat  et  al.  1992) 
which  is  physically  based  on  a statistical  model  for  galactic  brightness.  The  Faint 
Source  Model  only  pertains  to  wave  bands  < 25/xm,  so  is  not  needed  for  our  analysis 
of  the  60/im  COBE  data.  Gj{l,b,X)  is  the  galactic  emission  due  to  the  interstellar 


144 


medium  (ISM).  Io{l,b,X)  represents  the  residual  brightness  obtained  by  subtracting 
the  components  of  the  infrared  sky  brightness  due  to  the  zodiacal  cloud,  the  bright 
and  faint  galactic  sources,  and  the  ISM  from  the  observed  infrared  sky  brightness. 
Io{l,b,X)  should  contain  both  emission  from  the  Kuiper  disk,  if  it  is  detectable  with 
CODE,  and  emission  from  the  isotropic  cosmic  infrared  background  (CIB),  which  is 
produced  by  pregalactic  sources,  protogalaxies,  evolving  galaxies,  and  exotic  process- 
es uncommon  in  the  local  universe  (Arendt  et  al.  1998;  Bond,  Carr  and  Hogan  1986). 
The  CIB  should  not  hinder  our  search  for  the  Kuiper  disk  component,  since  we  expect 
the  CIB  to  be  isotropic  while  the  Kuiper  component  should  have  an  asymmetry  due 
to  particles  in  mean  motion  resonance  with  Neptune. 

5.4.1  Bright  Source  Blanking  and  the  Faint  Source  Model  (Gg) 

Bright  galactic  sources  were  not  removed  individually.  Instead,  cutoff  values 
for  the  DIRBE  brightnesses  were  determined.  These  cutoffs  were  85  and  100  Jy  for 
the  12  and  25  jj.m  wave  bands,  respectively,  and  4.5  MJy/sr  for  the  60,  100,  140,  and 
240  jj,m  wave  bands.  In  the  Arendt  et  al.  (1998)  analysis,  pixels  with  brightnesses 
that  were  greater  than  the  locally  determined  background  brightness  by  more  than 
the  cutoff  values  were  set  to  zero  brightness.  In  this  analysis,  we  use  Zodi-Subtracted 
Mission  Average  (ZSMA)  maps,  for  the  determination  of  the  100  fim  template,  and 
do  not  set  any  pixels  to  zero  brightness,  since  we  assume  that  the  brightest  pixels 
will  be  averaged  out. 

The  Faint  Source  Model  (FSM)  was  based  on  the  SKY  model  developed  by 
Wainscoat  et  al.  (1992)  and  is  a statistical  model  for  calculating  the  line  of  sight 
brightness  due  to  the  various  stellar  components  of  the  galaxy.  It  applies  to  wave 
bands  < 25/.tm.  For  the  60,  100,  140,  and  240  /j,m,  the  brightness  contribution  from 
faint  galactic  stellar  sources  is  assumed  to  be  negligible. 
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Figure  5-13:  The  ISM  model  in  the  60  /rm  wave  band  for  Week  33  (corresponding  to 
A®  = 287”). 

5.4.2  ISM  Model  (G,) 

Arendt  et  al.  (1998)  constructs  a model  for  the  brightness  contribution  of  the 
galactic  interstellar  medium  to  the  infrared  sky  brightness  seen  in  the  COBE  data. 
The  model  is  based  on  the  correlation  of  H I column  densities  with  Iza,  the  100  fxm 
zodiacal  light  subtracted,  bright  source  blanked  DIRBE  data,  which  is  defined  as 


IzG  = lobsil,  b,  A)  - Z{1,  b,  A)  - Gs{l,  b,  A) 


(5.15) 
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Note  that  equation  5.15  is  not  time  dependent  and  therefore  we  can  use  the  Zodi- 
Subtracted  Mission  Average  (ZSMA)  DIRBE  maps,  which  list  lobsih  b,  A)  — Z{1,  b,  A). 
The  100  fim  wave  band  is  chosen  because  it  provides  full  coverage  of  the  sky,  it  has 
better  sensitivity  than  the  data  at  longer  wavelengths,  and  it  is  less  affected  than  the 
shorter  wave  bands  by  the  errors  associated  with  the  removal  of  the  three-component 
Kelsall  et  al.  (1998)  total  zodiacal  cloud  model.  In  addition,  as  a middle  wavelength, 
it  will  not  bias  the  ISM  model  towards  structures  only  seen  at  shorter  or  longer 
wavelengths  (Arendt  et  al.  1998). 

Two  regions  of  the  sky,  the  north  ecliptic  pole  and  the  region  of  minimum  H 
I column  density  (the  Lockman  Hole),  are  chosen  to  calculate  the  correlation  of  the 
H I data  to  based  on  the  low  column  densities,  the  existence  of  good 

H I data,  and  the  ability  to  estimate  contributions  from  the  other  (molecular  and 
ionized)  ISM  components  in  these  regions.  The  intercept  of  the  correlation,  uIq,  is 
the  mean  intensity  which  is  unassociated  with  the  H I component  of  the  interstellar 
medium,  and  is  found  to  be  19.8  x sr~^  by  averaging  the  intercepts  for 

the  two  regions  (Arendt  et  al.  1998).  This  translates  into  Iq  = 6.6  x 10^  Jy/sr  for 
the  100  //m  wave  band.  We  can  use  this  value  to  derive  G/(/,  b,  100//m)  and  then  to 
derive  Gj{l,  b,  A)  in  general.  Gj{l,  b,  lOQfrni)  = Iza  ~ Io{l00fim)  where  Io{100fj,m)  = 
6.6  X 10^  Jy/sr.  Using  equation  5.15,  we  derive  the  lOO/^m  ISM  template  as  outlined 
in  Arendt  et  al.  (1998): 

Gi{l,  b,  lOOfim)  = Iobs{l,  by  lOOfim)  - Z{1,  b,  lOO^xm)  - Gs{l,  b,  lOOyum)  - 7o(100/im) 

(5.16) 

Then,  using  R{\)  = I„{X)/I„{100nm),  we  can  write  an  expression  for  Gj{l,  b,  A) 

Gi{l,  6,  A)  = R{X)Gi{l,  by  lOOfim)  (5.17) 

where  the  values  for  R{X)  for  the  12  to  240  //m  wave  bands  as  reported  in  Arendt  et 
al.  (1998)  are  listed  in  Table  5-2. 
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Table  5-2:  Values  for  R{X)  for  the  ISM  model. 


Wave  Band 
ifim) 

R{\) 

— R{\) /R{100  fj.m) 

12 

0.0462  ± 0.0001 

25 

0.0480  ± 0.0002 

60 

0.171  ± 0.0003 

100 

1.0 

140 

1.696  ± 0.008 

240 

1.297  ± 0.005 

Values  for  R(\)  for  the  ISM  model.  The  values  for  R{\)  for  the  12  to  240  jim  wave  bands 
are  taken  from  Table  4 of  Arendt  et  al.  (1998). 

5.5  Residuals 

The  search  for  the  signature  of  the  Kuiper  disk  is  carried  out  in  a systematic 
manner.  First,  we  subtract  the  Kelsall  background  zodiacal  cloud  model  and  then 
the  dynamical  dust  band  model  from  the  COBE  DIRBE  data.  This  removal  should 
yield  initial  residuals  which  are  dominated  by  galactic  emission  and,  in  the  crucial 
ecliptic.  Earth’s  resonant  ring,  which  is  distinguishable  by  its  unique  trailing/leading 
asymmetry.  The  ring  brightness  trailing  the  Earth  in  its  orbit  is  always  greater 
in  magnitude  than  in  the  leading  direction  for  the  wave  bands  we  are  considering. 
Each  weekly  skymap  is  separated  into  a trailing  scan  and  a leading  scan,  making  the 
orientation  within  a scan  easily  determined.  As  a test,  when  the  background  cloud 
and  the  dust  bands  are  successfully  removed  from  the  COBE  data,  the  residuals  in 
the  ecliptic  should  have  a brightness  enhancement  in  the  trailing  direction  for  any 
given  week. 
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Figure  5-14:  25  fim  COBE  DIRBE  data  in  weekly  skymap  format.  The  images 
presented  here  have  a fixed  maximum  of  100  MJy/sr  for  easy  comparison  with  each 
other.  The  oval-shaped  structure  is  emission  from  the  zodiacal  cloud. 
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We  use  Week  33  (which  corresponds  to  a longitude  of  Earth:  A0  = 287°)  as  a 
primary  example,  but  we  also  study  five  other  weeks  which,  together  with  Week  33, 
are  separated  by  49°  in  longitude  of  Earth:  Week  5,  Week  12,  Week  19,  Week  26,  and 
Week  40.  We  first  work  with  the  25  fim  wave  band  because  as  shown  in  Figure  5-1, 
the  trailing/leading  asymmetry  is  most  easily  seen  in  the  25  fim  wave  band.  Later, 
in  order  to  search  for  the  Kuiper  disk,  we  utilize  data  from  the  60  /rm  wave  band. 
Figures  5-14  and  5-15  show  the  CODE  DIRBE  data  for  these  weeks  in  the  25  and  60 
/im  wave  bands,  respectively.  Figure  5-16  shows  only  the  trailing  scans  for  the  60  /rm 
COBE  data.  The  orientation  is  the  same  for  the  12  and  25  fim  wave  bands.  These 
scans  will  serve  as  a reference  point  for  locating  the  trailing/leading  asymmetry  of 
the  resonant  ring.  The  oval-shaped  structure  seen  in  each  weekly  skymap  is  due  to 
emission  from  the  zodiacal  cloud,  which  possibly  masks  emission  from  the  Kuiper 
disk.  The  thin,  S-shaped  structure  which  cuts  across  the  scans  is  due  to  galactic 
emission. 

The  images  of  the  data  presented  here  in  the  25  fim  wave  band  (Figure  5-14) 
have  a fixed  maximum  of  100  MJy/sr  for  easy  comparison  with  each  other.  The 
maximum  values  of  the  data  are  303.360,  177.933,  357.429,  113.780,  133.088,  and 
164.960  MJy/sr  for  Week  5,  12,  19,  26,  33,  and  40,  respectively.  The  images  of  the 
data  presented  here  in  the  60  fini  wave  band  (Figure  5-15)  have  a fixed  maximum  of 
50  MJy/sr  for  easy  comparison  with  each  other.  The  maximum  values  of  the  data 
are  513.694,  863.171,  1327.73,  397.551,  729.333,  845.550  MJy/sr  for  Week  5,  12,  19, 
26,  33,  and  40,  respectively.  The  S-shaped  structure  is  due  to  galactic  emission  and 
is  the  brightest  feature. 
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Figure  5-15:  60  /rm  COBE  DIRBE  data  in  weekly  skymap  format.  The  images 
presented  here  have  a fixed  maximum  of  50  MJy/sr  for  easy  comparison  with  each 
other.  The  oval-shaped  structure  is  emission  from  the  zodiacal  cloud. 
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f)  Week  40  (A®  = 336°) 


Figure  5-16:  Trailing  scans  for  the  60  jj,m  COBE  DIRBE  data.  A fixed  maximum  of 
50  MJy/sr  has  been  imposed  on  the  data  for  easy  comparison  between  scans. 
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5.5.1  Subtracting  the  Kelsall  Model 

As  detailed  in  Section  5.3.2,  before  subtracting  the  background  cloud  model 
the  low  frequency  component  of  the  dust  bands  needs  to  be  removed.  This  is  accom- 
plished by  Fourier  Filtering  a combination  of  the  Kelsall  background  cloud  model  and 
the  Grogan  et  al.  (2001)  dust  band  model  as  discussed  previously.  The  technique 
yields  a true  background  model,  an  example  of  which  is  shown  in  Figure  5-10  for 
Week  33  in  the  25  fim  wave  band. 

For  the  next  stages  of  analysis,  we  choose  to  focus  on  three  of  the  weeks:  Week 
5,  Week  26,  and  Week  33.  These  weeks  are  chosen  because  the  ecliptic  is  relatively 
free  from  galactic  emission  and  the  trailing  scans  are  all  in  a favorable  position  for 
studying  residuals  due  to  Earth’s  resonant  ring.  In  some  of  the  other  weeks,  the 
galactic  emission  cuts  across  the  ecliptic,  possibly  creating  confusing  residuals  if  it 
is  not  removed  correctly.  The  residuals  obtained  by  subtracting  the  Kelsall  et  al. 
(1998)  background  zodiacal  cloud  model  from  the  CODE  DIRBE  data  in  the  25  //m 
wave  band  are  shown  in  Figure  5-17.  The  bulk  of  the  emission  due  to  the  lenticular 
background  cloud  appears  to  have  been  removed.  The  galactic  component  can  be 
clearly  seen  as  well  as  some  dust  band  like  residuals  lying  in  the  ecliptic.  However, 
the  leading  halves  of  the  scans  appear  brighter  than  the  trailing  halves,  which  is  the 
opposite  of  what  is  expected.  Due  to  the  trailing/leading  asymmetry  of  the  resonant 
ring,  the  trailing  side  of  the  observations  should  always  be  brighter  than  the  leading 
side.  The  effect  should  be  particularly  evident  in  the  25  fj,m  wave  band  since,  from 
Figure  5-1,  the  trailing/leading  asymmetry  is  most  obvious  at  this  wavelength. 

The  removal  of  the  dust  band  model  brings  the  ring  residuals  into  clearer 
view  as  shown  in  Figure  5-18.  The  residuals  exhibit  a leading  asymmetry  rather 
than  a trailing  asymmetry.  Figure  5-19  shows  the  residuals  obtained  by  subtracting 
both  the  dust  band  model  (Grogan  et  al.  2001)  and  the  filtered  Kelsall  background 
model  from  the  GOBE  data  in  the  60/xm  wave  band  for  Week  33.  The  left  side 
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Figure  5-17:  Residuals  obtained  in  the  25  jim  wave  band  by  subtracting  the  Kelsall 
background  cloud  model  from  the  CORE  data.  Now  that  the  bulk  of  the  emission 
from  the  lenticular  background  cloud  appears  to  have  been  removed,  the  galactic  com- 
ponent and  some  dust  band  like  residuals  lying  in  the  ecliptic  can  be  seen.  However, 
the  leading  (right)  halves  of  the  scans  appear  brighter  than  the  trailing  (left)  halves, 
which  is  the  opposite  of  what  is  expected.  Due  to  the  trailing/leading  asymmetry 
of  the  resonant  ring,  the  trailing  side  of  the  observations  should  always  be  brighter 
than  the  leading  side. 


of  the  image  corresponds  to  lines  of  sight  trailing  the  Earth  in  its  orbit,  while  the 
right  side  corresponds  to  leading  lines  of  sight.  The  brightest  feature,  aside  from 
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the  S-shaped  galactic  emission,  should  be  due  to  Earth’s  resonant  ring  (since  it  is 
the  closest  structure  that  has  not  been  removed)  and  in  fact,  there  is  a brightness 
enhancement  in  the  ecliptic,  with  the  leading  side  of  the  enhancement  brighter  than 
the  trailing  side.  However,  both  CODE  observations  (Dermott  et  al.  1995)  and  a 
dynamical  resonant  ring  model,  in  the  60  fim  wave  band  for  15  fim  diameter  particles 
(Figure  5.3.3),  exhibit  an  enhancement  in  brightness  trailing  the  Earth  in  its  orbit. 
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Figure  5-18:  Residuals  obtained  in  the  25  /rm  wave  band  by  subtracting  the  Kelsall 
background  cloud  model  and  the  dynamical  dust  band  model  from  the  CODE  data. 
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Figure  5-19:  Residuals  obtained  in  the  60  fim  wave  band  for  Week  33  by  subtracting 
the  Kelsall  background  cloud  model  and  the  dynamical  dust  band  model  from  the 
CODE  data  initial  residuals.  These  residuals  were  obtained  by  subtracting  both  the 
dynamical  dust  band  model  and  the  true  Kelsall  et  al.  (1998)  background  zodiacal 
cloud  model  from  the  CODE  data  in  the  60  fim  wave  band  for  Week  33  (corresponding 
to  A0  = 287°).  The  left  side  of  the  image  corresponds  to  lines  of  sight  trailing  the 
Earth  in  its  orbit,  while  the  right  side  corresponds  to  leading  lines  of  sight.  The 
brightest  feature,  aside  from  the  S-shaped  galactic  emission,  should  be  due  to  Earth’s 
resonant  ring,  since  it  is  the  closest  structure  that  has  not  been  removed.  In  fact,  there 
is  a brightness  enhancement  in  the  ecliptic,  with  the  leading  side  of  the  enhancement 
brighter  than  the  trailing  side.  However,  both  CODE  observations  (Dermott  et  al. 
1995)  and  the  dynamical  resonant  ring  model,  in  the  60  wave  band  for  15  fim 
diameter  particles,  exhibit  an  enhancement  in  brightness  trailing  the  Earth  in  its 
orbit. 
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Clearly,  there  is  a problem  with  one  of  the  models  we  have  subtracted  from  the 
CODE  data,  since  we  are  not  achieving  the  predicted  results  in  either  the  25  or  the  60 
fj,m  wave  bands.  The  dynamical  dust  band  model  total  brightness  is  a small  fraction 
of  the  CODE  DIRBE  maximum  brightness  1.7%  and  0.2%  for  the  25  and  60 
wave  bands,  respectively).  Additionally,  the  dynamical  dust  model  is  physically 
based  and  has  been  well  fit  to  IRAS  data  (Grogan  et  al.  2001).  Moreover,  even 
before  the  dust  band  model  is  subtracted,  the  residuals  shown  in  Figure  5-17  exhibit 
a brightness  enhancement  in  the  leading  direction.  Therefore,  we  conclude  that  the 
problem  lies  with  the  background  zodiacal  cloud  model.  Although  the  Kelsall  et  al. 
(1998)  background  model  succeeds  in  matching  the  overall  lenticular  shape  of  the 
zodiacal  cloud  (most  of  the  emission  due  to  the  background  cloud  was  removed  from 
the  data  in  Figures  5-17  and  5-17),  the  Kelsall  background  model  is  inadequate  for 
describing  residuals  in  the  inner  solar  system  and  needs  to  be  modified  before  it  can 
be  used  toward  probing  the  existence  of  a Kuiper  disk.  The  main  question  becomes 
how  to  modify  the  Kelsall  model  in  order  to  produce  the  correct  trailing/leading 
asymmetry  while  still  retaining  the  model’s  desirable  features.  As  mentioned  earlier, 
the  offset  of  the  Kelsall  model  does  not  match  the  offset  as  seen  in  the  COBE  DIRBE 
data,  as  shown  in  Figure  5-4.  Sine  curves  are  fit  to  both  the  COBE  data  and  the  data 
generated  from  the  Kelsall  model.  The  sine  curves  don’t  agree  in  phase,  amplitude, 
or  mean.  The  maximum  of  the  (N+S)/2  variation  is  located  at  43.839°  ±2.982  for  the 
COBE  data  and  at  90.687°  ± 0.0840  for  the  Kelsall  model,  a difference  of  almost  47°. 

5.5.2  Subtracting  the  Kelsall  Model  With  a Modified  Offset 

We  can  modify  the  offset  in  the  Kelsall  model  so  that  the  maximum  of  the 
(N±S)/2  variation  is  in  agreement  with  the  COBE  data,  which  is  shown  in  Figure  5- 
20.  The  fit  to  the  modified  Kelsall  model  is  shown  in  open  dots  which  completely 
overlap  the  Kelsall  background  model  points.  The  filled  dots  are  the  COBE  DIRBE 
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Table  5-3:  Parameters  for  sine  curve  fits  to  the  25  fim  average  polar  COBE  data  and 
Kelsall  background  cloud  model. 


Sine  Fit  Parameter 

Average  Polar 

Average  Polar 

COBE  DIRBE  Data 

Kelsall  Background 

Cloud  Model 

Amplitude 

0.457  ± 0.0238 

0.539  ± 0.000791 

(MJy/sr) 

Mean  or  Baseline 

21.032  ± 0.0170 

18.550  ± 0.000558 

(MJy/sr) 

Phase 

46.161°  ± 2.982° 

359.313°  ± 0.0840° 

(^) 

Maximum 
(90"  - 

43.839°  ± 2.982° 

90.687°  ± 0.0840° 

Parameters  for  sine  curve  fits  to  the  25  average  polar  COBE  data  and  Kelsall  back- 
ground cloud  model.  The  difference  in  phase  between  the  COBE  data  and  the  Kelsall 
zodiacal  background  cloud  is  approximately  47°. 

data.  The  Kelsall  model  exhibits  a change  in  phase  that  matches  within  errors  of  the 
COBE  data.  The  maximum  of  the  COBE  data  is  43.84  ± 2.98°  and  the  maximum  of 
the  modified  Kelsall  model  is  43.93  ± 0.24°.  However,  the  model  does  not  have  the 
same  amplitude  or  mean  as  the  COBE  sine  curve.  The  amplitude  and  mean  were 
both  scaled  to  match  the  amplitude  and  mean  of  the  COBE  data  for  the  purposes 
of  comparison.  The  residuals  resulting  from  the  subtraction  of  both  the  filtered, 
modified  Kelsall  model  and  the  dynamical  dust  band  model  from  the  COBE  data  are 
shown  in  Figure  5-21.  These  residuals  exhibit  a trailing  brightness  enhancement  that 
is  in  agreement  with  Jayaraman  et  al.  (2000),  Dermott  et  al.  (1996b),  and  Reach 
et  al.  (1995),  at  least  for  Week  33.  However,  when  the  other  weeks  are  viewed,  the 
results  are  not  so  favorable. 
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Figure  5-20:  Kelsall  background  cloud  model  with  modified  offset.  The  fit  to  the 
modified  Kelsall  model  is  shown  in  open  dots  which  completely  overlap  the  Kelsall 
background  model  points.  The  filled  dots  are  the  CODE  DIRBE  data.  The  Kelsall 
model  exhibits  a change  in  phase  that  matches  within  errors  of  the  COBE  data. 
The  maximum  of  the  COBE  data  is  43.84  ± 2.98°  and  the  maximum  of  the  modified 
Kelsall  model  is  43.93  ± 0.24°.  However,  the  model  does  not  have  the  same  amplitude 
or  mean  as  the  COBE  sine  curve.  The  amplitude  and  mean  were  both  scaled  to  match 
the  amplitude  and  mean  of  the  COBE  data  for  the  purposes  of  comparison. 
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Figure  5-21:  Residuals  from  the  subtraction  of  a Kelsall  model  with  a modified  offset 
and  the  dynamical  dust  band  model  for  Week  33  in  the  60  wave  band.  These 
residuals  were  obtained  by  subtracting  both  the  dynamical  dust  band  model  and 
the  true  Kelsall  et  al.  (1998)  background  zodiacal  cloud  model  with  a modified 
offset  from  the  CODE  data  in  the  60  /rm  wave  band  for  Week  33  (corresponding  to 
A0  = 287°).  The  S-shaped  structure  is  due  to  galactic  emission  while  the  structure 
at  the  ecliptic  is  primarily  due  to  Earth’s  resonant  ring,  but  could  also  have  a small 
component  resulting  from  Kuiper  disk  emission.  The  residuals  exhibit  a trailing 
brightness  enhancement  that  is  in  agreement  with  Jayaraman  et  al.  (2000),  Dermott 
et  al.  (1996b),  and  Reach  et  al.  (1995),  at  least  for  Week  33. 
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Figure  5-22:  Residuals  from  subtracting  the  dynamical  dust  band  model  and  a Kelsall 
background  model  with  an  offset  modified  to  match  that  of  the  CORE  data  in  the 
25  (left)  and  60  (right)  wave  bands.  The  right  hand  side  of  the  scans  is  the 
trailing  side.  The  residuals  are  given  a fixed  maximum  of  10  MJy/sr  to  facilitate 
comparisons. 
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As  can  be  seen  from  Figure  5-22,  the  trailing/leading  asymmetry  is  not  as 
evident  for  the  rest  of  the  weeks  as  it  is  for  Week  33,  casting  doubt  on  the  new  modified 
model.  It  may  still  be  possible  to  modify  the  model  in  some  other  way,  remembering 
that  neither  the  mean  nor  the  amplitude  of  the  background  cloud  model  matched 
that  of  the  COBE  data.  Investigations  into  modifying  the  amplitude  produce  a 
background  cloud  that  is  too  thin  at  the  edges.  When  we  subtract  this  model  from 
the  COBE  data,  the  resulting  residuals  still  show  the  signature  lenticular  shaped 
emission  from  the  background  cloud,  which,  when  subtracted  from  the  COBE  data, 
does  not  fully  remove  the  lenticular  background  cloud  resulting  in  a failure  to  subtract 
the  background  cloud  from  the  data.  Combining  a cloud  with  a modified  amplitude 
and  modified  baseline  produce  equally  fruitless  results. 

5.5.3  Subtracting  the  Reach  Model 

Another  avenue  to  pursue  involves  using  a simpler  background  cloud  model, 
which  involves  a less  complicated  density  distribution  and  fewer  parameters.  A simple 
model  which  served  as  a precursor  to  the  Kelsall  et  al.  (1998)  model  was  developed 
by  Reach  et  al.  (1995).  The  density  distribution,  n{r,z),  is  simply 

n(r,  z)  = Uq  r“"'  exp  ( -(3'^\z/r^yp' ) (5.18) 

where  r^y  is  the  density  from  the  cloud  center  to  the  cloud  mid-plane,  z is  the  vertical 
distance  from  the  mid-plane,  a'  = 1.39  ±0.03,  P[,  = 3.26  ±0.04,  and  7'  = 1.02  ±0.01. 
The  density  at  1 AU,  Uq,  is  assumed  to  be  7.6  x 10“^®  cm''h  Reach  et  al.  (1995)  do 
not  list  the  offsets  nsed  or  the  value  for  the  ascending  node  of  the  mid-plane.  We  use 
the  Kelsall  et  al.  (1998)  value  for  the  ascending  node  of  the  mid-plane  and  use  various 
values  for  the  offsets.  Reach  et  al.  (1995)  claim  that  for  Week  33  in  the  12  pm  wave 
band,  the  Reach  background  cloud  model  is  subtracted  from  the  COBE  DIRBE  data 
and  the  signature  of  the  Earth’s  resonant  ring  appears  in  the  residuals.  In  Figure  2b 
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of  Reach  et  al.  (1995),  the  signature  of  the  resonant  ring  is  clearly  evident,  showing 
a trailing  density  enhancement  predicted  by  theory. 

An  example  of  the  Reach  et  al.  (1995)  model  for  Week  33  in  the  25  /im  wave 
band  is  shown  in  Figure  5-23.  This  model  is  a simpler  model  than  the  Kelsall  model 
and  we  test  it  using  a variety  of  offsets.  We  first  test  a Reach  model  that  is  not  offset 
from  the  Sun  {Xo  = Yo  = Zo  = 0).  The  residuals  we  obtained  by  subtracting  the 
Reach  background  cloud  model  and  the  dynamical  dust  band  model  from  the  CODE 
data  are  shown  in  Figure  5-24.  For  all  of  the  weeks,  the  trailing  scan  is  on  the  left. 
Week  5 does  not  exhibit  a notable  trailing/leading  asymmetry.  Week  26  and  Week  33 
seem  brighter  on  the  leading  side.  Clearly,  this  model  does  not  produce  the  desired 
result. 

Next,  we  try  a Reach  model  that  has  the  same  offset  from  the  Sun  as  the 
Kelsall  model  {Xo  = Yo  = Zg  = 1).  The  residuals  obtained  by  subtracting  this 
version  of  the  Reach  background  cloud  model  and  the  dynamical  dust  band  model 
from  the  CORE  data  are  shown  in  Figure  5-25.  For  all  of  the  weeks,  the  trailing 
scan  is  on  the  left.  The  results  are  very  similar  to  those  for  the  Reach  model  with  no 
offset  from  the  Sun.  Week  5 does  not  exhibit  a notable  trailing/leading  asymmetry 
and  Week  26  and  Week  33  appear  brighter  on  the  leading  side. 

Finally,  we  try  a Reach  model  that  is  has  an  offset  designed  to  match  the 
offset  seen  in  the  CORE  data  {Xg  = Yg  = 11,  Zq  = 1).  The  residuals  obtained  by 
subtracting  this  version  of  the  Reach  background  cloud  model  and  the  dynamical 
dust  band  model  from  the  CORE  data  are  shown  in  Figure  5-26.  There  appears  to 
be  some  improvement  with  this  model.  Week  26  and  Week  33  appear  to  be  brighter 
on  the  trailing  side,  but  Week  5 is  much  brighter  on  the  leading  side  than  the  trailing 
side.  In  fact,  a portion  of  the  ecliptic  on  the  trailing  side  of  Week  5,  seems  to  be 
completely  removed  from  the  scan,  implying  that  the  corresponding  portion  of  one 
of  our  models  is  too  bright. 
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Figure  5-23:  The  Reach  background  zodiacal  cloud  model  for  Week  33  in  the  25  fxm 
wave  band.  The  offsets  used  in  this  model  are  the  same  as  those  used  in  the  original 
Kelsall  model.  The  maximum  value  of  the  model  has  been  set  to  100  MJy/sr  has  been 
so  that  the  contrast  between  the  inner  and  outer  parts  of  the  cloud  is  low  enough  for 
the  outer  part  of  the  cloud  to  be  visible. 

5.5.4  Discussion  of  Inadequacies  of  Empirical  Models 

Due  to  our  lack  of  success  with  either  the  Kelsall  et  al.  (1998)  or  the  Reach  et 
al.  (1995)  background  zodiacal  cloud  models,  we  are  forced  to  conclude  that  neither 
model  is  adequate  for  the  task  of  removing  the  zodiacal  cloud  to  the  level  of  a few 
percent  that  is  necessary  for  our  search.  The  residuals  for  the  models  with  offsets 
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Figure  5-24:  Residuals  we  obtained  in  the  25  /rm  wave  band  by  subtracting  the  Reach 
background  cloud  model,  with  the  offsets  set  to  zero,  and  the  dynamical  dust  band 
model  from  the  CORE  data.  The  background  cloud  model  is  not  offset  from  the  Sun 
{^o  = Yo  = Zo  — 0).  For  all  of  the  weeks,  the  trailing  scan  is  on  the  left.  Week  5 
does  not  exhibit  any  notable  asymmetries.  Week  26  and  Week  33  seem  brighter  on 
the  leading  side. 
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modified  to  match  the  offset  of  the  CORE  data  look  most  promising,  but  there  still 
are  some  inconsistencies  that  must  be  addressed.  Shown  in  Figure  5-27,  is  the  Kelsall 
model  with  an  offset  that  matches  the  offset  in  the  data.  The  shape  of  the  modified 
model  is  much  different  than  that  of  the  original  model  (see  Figure  5-3).  The  original 
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Figure  5-25:  Residuals  obtained  in  the  25  jim  wave  band  by  subtracting  the  Reach 
background  cloud  model,  with  the  offsets  set  to  those  used  in  the  Kelsall  model,  and 
the  dynamical  dust  band  model  from  the  CORE  data.  The  background  cloud  model 
is  offset  from  the  Sun  {Xo  — Yo  = Zo  = 1) . For  all  of  the  weeks,  the  trailing  scan  is 
on  the  left.  Week  5 does  not  exhibit  any  notable  asymmetries.  Week  26  and  Week 
33  are  brighter  on  the  leading  side. 
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Kelsall  model  is  fairly  symmetrical.  In  contrast,  the  central  part  of  the  Kelsall  model 
with  the  modified  offset  exhibits  a large  asymmetric  bulge  on  the  trailing  (left)  side. 
One  question  that  needs  to  be  addressed  is  does  the  different  shape  of  the  modified 
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Figure  5-26;  Residuals  obtained  in  the  25  fim  wave  band  by  subtracting  the  Reach 
background  cloud  model,  with  offsets  which  match  the  CORE  data,  and  the  dynam- 
ical dust  band  model  from  the  CORE  data.  The  background  cloud  model  is  offset 
from  the  Sun  [Xg  = Yg  = 11,  Zo  = 1).  For  all  of  the  weeks,  the  trailing  scan  is  on 
the  left.  Week  26  and  Week  33  appear  to  be  brighter  on  the  trailing  side,  but  Week 
5 is  much  brighter  on  the  leading  side  than  the  trailing  side. 
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model  make  the  model  inadequate?  Is  there  a way  to  retain  the  correct  offset  without 
modifying  the  shape  of  the  model?  In  an  empirical,  parameterized  model,  it  is  difficult 
to  understand  how  the  modification  of  a parameter  corresponds  to  a physical  process. 
This  is  a major  justification  for  the  development  of  a complete  dynamical  model  of 
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the  background  zodiacal  cloud.  With  the  creation  of  such  a model,  we  could  be 
certain  that  the  offset  matched  that  seen  in  the  data.  We  could  understand  fully 
what  the  model  parameters  corresponded  to  in  a physical  sense.  And  we  would  have 
a much  better  chance  at  subtracting  off  a zodiacal  cloud  to  see  residuals  at  a 10% 
level  or  lower. 
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Figure  5-27:  The  Kelsall  background  zodiacal  cloud  model  for  Week  33  in  the  25  /xm 
wave  band  with  an  offset  that  matches  that  seen  in  the  data.  The  offset  {Xo  = Yo  = 
11,  Zo  = 1)  corresponds  to  a high  value  of  forced  eccentricity.  The  shape  of  the 
modified  model  is  much  different  than  that  of  the  original  model.  The  maximum 
value  of  the  model  has  been  set  to  200  MJy/sr  has  been  so  that  the  contrast  between 
the  inner  and  outer  parts  of  the  cloud  is  low  enough  for  the  outer  part  of  the  cloud 
to  be  visible. 
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Another  question  is  what  exactly  does  an  offset  of  IIX^,  llYo,  and  1Z<,  corre- 
spond to  in  terms  of  forced  eccentricity.  In  this  case,  Ro  = y/(ll  X^)'^  + (11  y;)2  + 

— 0.144  AU  where  Ro  is  the  distance  from  the  center  of  the  cloud  to  the  Sun.  That 
distance  is  equal  to  aef  where  a is  the  semi-major  axis  and  e/  is  the  forced  eccen- 
tricity (Dermott  et  al.  1985,  Wyatt  et  al.  1999).  If  a = 1 AU,  then  e/  = 0.144. 
Figure  5-28  shows  plots  for  the  forced  eccentricities  with  respect  to  semi-major  axis 
of  particles  of  different  sizes.  At  1 AU,  the  100  jim  diameter  particles  have  a high 
forced  eccentricity  (e^  ~ 0.22),  but  both  the  10  and  200  iim  particles  have  forced 
eccentricities  that  are  near  zero.  Even  though  the  forced  eccentricity  is  high,  it  is  not 
unreasonable  depending  on  what  particle  size  is  considered. 

5.5.5  Dynamical  Background  Zodiacal  Cloud  Model 

Although  we  do  not  yet  have  a complete  dynamical  background  cloud  model 
for  reasons  discussed  in  Section  5.3.1,  we  can  use  current  asteroidal  dynamical  models 
to  make  some  key  points.  The  background  zodiacal  cloud  models  so  far  have  assumed 
that  the  cloud  will  have  one  offset.  This  is  not  necessarily  the  case  since  the  zodiacal 
cloud  can  be  thought  of  as  consisting  of  two  components:  an  outer  zodiacal  cloud 
at  2 - 3 AU,  and  an  inner  cloud  inside  2 AU.  The  outer  and  inner  clouds  may  have 
different  offsets.  The  forced  elements  of  asteroidal  dust  particles  in  the  outer  cloud 
may  be  locked  onto  Jupiter’s  elements(the  eccentricity  of  Jupiter  is  0.048),  causing 
relatively  high  forced  eccentricities  and  therefore  a large  offset.  In  the  inner  cloud, 
which  is  what  the  average  polar  scans  are  probing  (see  Figure  5-4),  the  offset  might  be 
quite  different.  The  inner  cloud  dominates  the  brightness  of  the  background  zodiacal 
cloud  since  it  is  closer  to  the  Sun.  The  dynamics  of  the  inner  cloud  are  dominated  by 
large  particles,  100  - 500  ^lm  in  diameter  (Dermott  et  al.  2001,  Love  and  Brownlee 
1993).  In  considering  the  dynamics  of  the  inner  cloud,  we  ultimately  need  to  include 
collisions  between  particles,  resonances  (in  particular,  the  secular  resonance  at  ~ 2 
AU),  and  gravitational  scattering  by  the  inner  planets. 
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Figure  5-28:  Values  for  forced  eccentricity  for  various  size  particles  near  the  Earth 
(Dermott  et  al.  2001). 

We  can  begin  the  arduous  task  of  creating  a complete  background  zodiacal 
cloud  model  by  building  a initial  trial  model  for  the  outer  zodiacal  cloud.  The  dust 
bands  contribute  roughly  one  third  of  the  thermal  emission  of  the  zodiacal  cloud 
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as  a whole,  if  emission  from  the  dust  bands  in  the  inner  solar  system  is  included 
(Grogan  et  al.  2001).  If  we  take  the  Grogan  et  al.  (2001)  dynamical  dust  band 
model,  which  is  confined  to  the  region  exterior  to  2 AU,  and  build  a similar  model 
having  three  times  the  emission,  we  will  have  a basic  model  for  the  outer  background 
zodiacal  cloud.  The  outer  cloud  model  has  an  inclination  and  node  distribution 
appropriate  for  a background  zodiacal  cloud,  but  has  forced  and  proper  eccentricities 
and  pericenters  which  are  similar  to  those  used  in  the  Grogan  et  al.  (2001)  dynamical 
dust  band  model.  The  outer  cloud  SIMUL  model  includes  the  forced  eccentricity  at 
2 AU  for  100  fim  diameter  particles  {ej  = 0.07),  the  highest  proper  eccentricity  of 
the  component  dust  bands,  due  to  Themis  (cp  = 0.155),  and  the  forced  longitude  of 
pericenter  at  2 AU  for  100  fim  diameter  particles  (a)  = 200°). 

The  true  background  cloud  model  for  the  outer  background  zodiacal  cloud 
model  for  Week  33  in  the  25  wave  band  is  shown  in  Figure  5-29.  Note  that  in 
this  purely  asteroidal  model,  the  dust  is  basically  confined  to  the  ecliptic.  There  is 
no  emission  at  the  poles,  which  might  be  expected  from  a model  which  contained 
cometary  dust  particles  or  the  dynamics  of  larger  particles,  which  can  have  higher 
forced  inclinations  than  small  particles  (Grogan  et  al.  2001).  The  shape  of  the 
outer  zodiacal  cloud  model  is  markedly  different  from  that  of  the  Kelsall  or  Reach 
models.  Residuals  obtained  for  Week  33  in  the  25  pm  wave  band  by  subtracting  the 
outer  zodiacal  background  cloud  model  and  the  dynamical  dust  band  model  from  the 
GORE  data  are  shown  in  Figure  5-30.  It  is  clear,  due  to  the  oval  shaped  residuals 
dominating  the  ecliptic,  that  the  bulk  of  the  zodiacal  cloud  emission  has  not  been 
successfully  removed.  An  additional  inner  zodiacal  cloud  model  is  needed  to  build  a 
complete  background  cloud  model. 

One  problem  with  the  aforementioned  outer  zodiacal  cloud  model  is  that  the 
peak  brightness  of  the  model  is  far  too  low  compared  to  the  peak  brightness  of  the 
GORE  data  for  the  corresponding  week.  We  can  take  a background  zodiacal  cloud 
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Figure  5-29:  True  background  cloud  model  for  the  outer  background  zodiacal  cloud 
model  once  the  low  frequency  component  of  the  dust  band  model  has  been  removed 
for  Week  33  in  the  25  fim  wave  band.  Note  that  this  purely  asteroidal  model,  the 
dust  is  basically  confined  to  the  ecliptic.  There  is  no  emission  at  the  poles,  which 
might  be  expected  from  a model  which  contained  cometary  dust  particles.  The  shape 
of  the  outer  zodiacal  cloud  model  is  markedly  different  from  that  of  the  Kelsall  or 
Reach  models. 

model  and  scale  its  peak  brightness  so  that  it  is  comparable  to  that  of  the  CODE 
data,  and  then  subtract  the  model  from  the  data.  We  choose  a background  zodiacal 
cloud  model  that  includes  the  dynamics  of  small  (9  /rm  diameter)  particles  and  ranges 
from  0.5  to  3.2  AU  which  is  shown  in  Figure  5-31.  A model  for  small  particles  is  used 
because  we  have  yet  to  develop  a comprehensive  model  that  includes  larger  particles. 
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Figure  5-30:  Residuals  obtained  for  Week  33  in  the  25  /im  wave  band  by  subtracting 
the  outer  zodiacal  background  cloud  model  and  the  dynamical  dust  band  model  from 
the  CORE  data.  It  is  clear,  due  to  the  oval  shaped  residuals  dominating  the  ecliptic, 
that  the  bulk  of  the  zodiacal  cloud  emission  has  not  been  successfully  subtracted. 
An  additional  inner  zodiacal  cloud  model  is  needed  to  build  a complete  background 
cloud  model. 

Small  particles  have  shorter  Poynting-Robertson  drag  lifetimes  than  large  particles 
and  consequently  the  study  of  their  dynamics  involves  numerical  integration  runs 
that  are  less  time  consuming.  The  accessibility  of  inexpensive,  high-speed  processors 
has  only  recently  made  the  dynamical  study  of  large  particles  possible.  Shown  in 
Figure  5-32,  are  the  residuals  obtained  by  subtracting  the  scaled  background  cloud 
model  and  the  dynamical  dust  band  model  from  the  CORE  data  for  Week  33  in  the 
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25  fim  wave  band.  It  is  clear,  due  to  the  butterfly  shaped  residuals  dominating  the 
regions  above  and  below  the  ecliptic,  that  the  bulk  of  the  zodiacal  cloud  emission 
has  not  been  successfully  removed.  However,  the  level  of  removal  is  better  than  that 
obtained  by  using  the  outer  zodiacal  cloud  model.  The  poor  subtraction  is  certainly 
due  in  part  to  the  fact  that  the  new  total  zodiacal  cloud  model  is  essentially  confined 
to  the  ecliptic.  Therefore  it  is  not  possible  to  remove  structure  above  and  below  the 
ecliptic  with  this  model.  A horizontal  line  cut  through  the  residuals  in  the  ecliptic 
(at  Pixel  250  on  the  y-axis)  is  shown  in  Figure  5-33.  The  leading  (right)  side  of  the 
residuals  are  clearly  brighter  than  the  trailing  (left)  side,  which  is  the  opposite  from 
what  is  predicted  by  theory. 

None  of  our  current  background  zodiacal  cloud  models  are  sophisticated  e- 
nough  to  allow  us  to  obtain  the  residuals  we  expect  to  see.  We  are  justified  in 
expecting  to  see  residuals  from  a resonant  ring  with  a trailing/leading  asymmetry 
because  we  see  the  trailing/leading  asymmetry  in  the  COBE  data  (see  Figure  5-1). 
Both  Reach  et  al.  (1995)  and  Kelsall  et  al.  (1998)  claim  to  see  the  correct  trail- 
ing/leading asymmetry  when  they  subtract  their  background  zodiacal  cloud  models 
from  the  COBE  data.  However,  we  are  unable  to  produce  their  results  by  using  their 
models  or  their  models  with  certain  modifications.  We  do  not  believe  the  results  of 
Reach  et  al.  (1995)  and  Kelsall  et  al.  (1998)  since  they  do  not  appear  to  be  repro- 
ducible. Furthermore,  the  offset  of  the  Kelsall  model  does  not  match  the  offset  seen  in 
the  COBE  data  (see  Figure  5-4).  Having  said  this,  however,  we  acknowledge  that  the 
Kelsall  et  al.  (1998)  model  is,  indeed,  the  most  complete  background  zodiacal  cloud 
model  to  date  and  that  the  shape  of  the  model  does  match  the  shape  of  the  zodiacal 
cloud  fairly  well.  The  detection  of  the  Kuiper  disk,  however,  hinges  on  developing  a 
model  of  the  zodiacal  cloud  that  does  more  than  simply  possess  the  correct  overall 
lenticular  shape.  Once  such  a model  is  developed,  we  can  then  subtract  the  Arendt 
et  al.  (1998)  model  for  galactic  emission  and  the  model  for  Earth’s  resonant  ring 
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Figure  5-31:  Total  background  zodiacal  cloud  model  for  particles  9 /rm  in  diameter 
in  the  25  jj,m  wave  band  for  Week  33.  The  maximum  of  the  model  has  been  scaled 
to  approximately  match  the  maximum  of  the  CODE  data  (133  MJy/sr). 

(Jayaraman  1995)  from  the  CODE  data.  As  an  aside,  a set  of  residuals  in  which 
the  galactic  model  is  removed  is  shown  in  Eigure  5-34.  The  Arendt  et  al.  (1998) 
model  does  remove  some  of  the  galactic  emission,  but  not  all,  and  may  need  to  be 
scaled  slightly  before  using  to  study  residuals  further.  The  S-shaped  structure  for  the 
Arendt  et  al.  (1998)  model  does  match  that  seen  in  the  data  for  the  corresponding 
week. 
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Figure  5-32:  Residuals  obtained  for  Week  33  in  the  25  /rm  wave  band  by  subtracting 
the  scaled  total  zodiacal  background  cloud  model  and  the  dynamical  dust  band  model 
from  the  CORE  data.  It  is  clear,  due  to  the  butterfly  shaped  residuals  dominating 
the  ecliptic,  that  the  bulk  of  the  zodiacal  cloud  emission  has  not  been  successfully 
subtracted. 

For  the  60//m  wave  band,  Teplitz  et  al.  (1999)  reports  four  different  upper 
limits  for  the  signal  from  the  Kuiper  disk,  Ikb{^)-  The  estimated  brightness  is 
expected  to  be  0.3  < Ikb{^)  < 16.0  MJy/sr,  though  the  high  value  is  a poorly 
constrained  upper  limit.  The  16  MJy/sr  limit  is  the  weakest  limit  since  it  is  merely 
the  full  CORE  DIRRE  infrared  signal  given  in  Rackman  et  al.  (1995).  The  other 
limits  of  0.3,  1.50,  and  0.75  MJy/sr  were  obtained  in  the  following  fashion.  The  1.50 
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Week  33  Line  Cut  Across  the  Ecliptic  25  microns 


Figure  5-33:  Horizontal  line  cut  through  the  ecliptic  of  the  residuals  shown  in  Fig- 
ure 5-32.  The  line  cut  is  made  at  Pixel  250  on  the  y-axis.  The  leading  (right)  side  of 
the  residuals  are  clearly  brighter  than  the  trailing  (left)  side. 

MJy/sr  limit  is  a 2 cr  limit  found  by  Hauser  et  al.  (1999),  while  the  0.75  MJy/sr  value 
was  a standard  deviation  given  by  Hauser  et  al.  (1999).  The  smallest  limit,  Ikb{^)  - 
0.3  MJy/sr,  was  obtained  by  the  subtraction  of  the  component  of  the  CODE  data 
due  to  asteroidal  emission  using  the  Reach  et  al.  (1998)  zodiacal  cloud  model. 

In  Figure  5-19,  the  residuals  in  the  ecliptic  obtained  from  subtracting  the  origi- 
nal Kelsall  model  and  the  dynamical  dust  band  model,  exhibit  a maximum  brightness 
of  approximately  5.7  MJy/sr.  The  bulk  of  this  brightness  is  presumed  to  be  due  to 
emission  from  the  Earth’s  resonant  ring,  and  correspondingly  any  emission  due  to 
the  Kuiper  disk  must  be  much  lower.  It  is  difficult  to  assess  the  smaller  upper  limits 
since  they  are  based  on  the  removal  of  the  Kelsall  or  Reach  models  of  the  background 
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zodiacal  cloud.  As  it  is  seen  from  this  dissertation,  modifying  the  background  cloud 
model  can  produce  drastically  different  results.  In  comparing  Figure  5-19  to  Fig- 
ure 5-21,  we  note  that  the  maximum  brightness  of  the  residuals  on  the  trailing  side 
ranges  from  4.8  to  5.8  MJy/sr  and  the  maximum  brightness  of  the  residuals  on  the 
leading  side  range  from  to  4.6  to  5.7  MJy/sr  for  Week  33  in  the  60  /rm  the  wave 
band,  depending  on  which  model  is  used.  It  is  imperative  to  develop  a background 
zodiacal  cloud  model  we  are  confident  in  so  that  we  can  remove  the  zodiacal  cloud 
to  the  1%  level  or  better.  Only  then  will  we  be  able  to  conduct  a thorough  search 
for  the  Kuiper  disk  in  the  COBE  DIRBE  data. 
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Figure  5-34:  Residuals  from  the  subtraction  of  a Kelsall  model  with  a modified  offset, 
the  dynamical  dust  band  model,  and  a model  for  galactic  emission  for  Week  33  in  the 
60  fim  wave  band.  These  residuals  were  obtained  by  subtracting  the  dynamical  dust 
band  model  (Grogan  et  al.  2001),  the  true  Kelsall  et  al.  (1998)  background  zodiacal 
cloud  model  with  a modified  offset  (11  11  1Z„),  and  the  galactic  emission 

model  (Arendt  et  al.  1998)  from  the  CORE  data  in  the  60  /rm  wave  band  for  Week 
33  (corresponding  to  A0  = 287°).  The  S-shaped  structure  is  due  to  galactic  emission 
while  the  structure  at  the  ecliptic  is  primarily  due  to  Earth’s  resonant  ring,  but  could 
also  have  a small  component  resulting  from  Kuiper  disk  emission.  The  residuals 
exhibit  a trailing  brightness  enhancement  that  is  in  agreement  with  Jayaraman  et 
al.  (2000),  Dermott  et  al.  (1996b),  and  Reach  et  al.  (1995),  at  least  for  Week  33. 
The  residuals  are  set  to  have  a fixed  maximum  at  10  MJy/sr.  Some  of  the  S-shaped 
structure  due  to  galactic  emission  has  been  removed  but  clearly  a large  residual 
component  of  the  galactic  emission  is  retained.  Once  a more  complete  zodiacal  cloud 
model  has  been  created,  attention  will  have  to  be  tuned  to  refining  the  ISM  model 
to  allow  for  more  complete  subtraction  of  the  galactic  component. 


CHAPTER  6 

SURVEY  OE  NEARBY  STARS  FOR  SUB-MILLIMETER  EMISSION 

6.1  Introduction 

The  Infrared  Astronomical  Satellite  (IRAS)  detected  excess  far-infrared  emis- 
sion, at  wavelengths  of  60  and  100  fim,  from  more  than  15%  of  all  nearby  main 
sequence  A-K  stars,  indicating  the  presence  of  circumstellar  material  (Backman  and 
Paresce  1993,  Elachi  et  al.  1996).  It  is  our  ultimate  goal  to  extend  the  infrared 
models  into  the  sub-millimeter  regime  (300  ^ A < 1000  /j,m)  where  a significant 
fraction  of  the  dust  emission  occurs.  The  cool  dust  (T  ~ 50  K)  detected  in  the  sub- 
millimeter regime  lies  far  (30  - 100s  of  AUs)  from  the  central  star.  This  location  is 
most  analogous  to  the  Kuiper  Belt  in  our  solar  system  (Backman  and  Paresce  1993). 
The  Kuiper  Belt  is  home  to  an  estimated  ~ 10^  Kuiper  Belt  Objects  (KBOs)  with  a 
diameter  > 100  km  located  within  30  to  50  AU  (Jewitt,  Luu  and  Trujillo  1998).  In 
the  asteroid  belt,  collisions  between  asteroids  supply  dust  particles  to  the  zodiacal 
cloud,  the  Sun’s  inner  dust  disk,  which  is  visible  at  infrared  wavelengths.  By  compar- 
ison, it  has  been  postulated  that  collisions  between  KBOs  could  initiate  a collisional 
cascade,  similar  to  that  in  the  asteroid  belt,  which  would  produce  a Kuiper  dust 
disk  (see  Chapters  4 and  5).  Therefore,  from  a modeling  perspective,  far-infrared 
and  sub-millimeter  observations  are  very  interesting  because  they  can  be  compared 
to  models  of  a Kuiper  disk. 

Sub-millimeter  observational  maps  of  planetary  debris  disks  have  been  limited 
to  a small  number  of  systems:  j3  Pictoris,  Vega,  Fomalhaut  (Holland  et  al.  1998),  and 
e Eridani  (Greaves  et  al.  1998).  IRAS  detected  very  strong  far-infrared  excesses  from 
all  of  these  nearby  main-sequence  stars  (Gillet  1986;  Backman  and  Paresce  1993)  and 
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also  resolved  them  spatially  (Backman  and  Paresce  1993;  Aumann  1991).  As  a result, 
these  four  stars  have  been  studied  extensively  at  a number  of  different  wavelengths. 
Obviously,  from  a statistical  standpoint,  we  need  more  detections  and  where  possible, 
maps,  to  claim  a broad  knowledge  of  debris  disks  as  a whole  and  to  study  potential 
disk  asymmetries,  especially  considering  that  upwards  of  15%  of  all  main-sequence 
A-K  stars  have  detectable  infrared  excesses. 

Therefore,  as  a first  step,  we  embark  on  a sub-millimeter  survey  of  debris  disk 
candidates  - a small  selection  of  nearby  (<  50  pc),  main-sequence  stars.  From  our 
survey,  we  obtain  upper  limits  on  the  flux  around  ten  Vega-type  stars  and  one  Herbig 
Ae  star  with  the  Four  Color  Bolometer  and  the  19  Channel  Bolometer  Array  at  the 
Sub-millimeter  Telescope  Observatory  using  the  Heinrich-Hertz  Telescope  (SMTO)  in 
the  870  /xm  and  1300  /xm  wave  bands,  respectively.  All  of  our  sources  were  undetected 
at  870  fim.  In  the  case  of  HD  131156,  we  technically  have  a 3cr  detection  at  1300  /xm 
in  the  center  channel  of  the  19-Channel  bolometer  and  so  we  report  a flux  of  6.25 
± 1.88  mjy  and  we  derive  a dust  mass  of  1.10  ± 0.33  lunar  masses  for  the  system. 
However,  in  viewing  the  surrounding  channels,  we  see  that  it  is  very  unlikely  that 
the  3(7  detection  is  real.  We  retain  the  section  on  calculating  a flux  and  dust  mass 
for  HD  131156  as  an  illustrative  example. 

6.2  Observations 

We  observed  a total  of  eleven  stars  at  the  10  meter  Heinrich  Hertz  Telescope 
(HHT)  of  the  Sub-millimeter  Telescope  Observatory  (SMTO)  located  on  Mt.  Graham 
in  Arizona.  We  searched  for  sub-millimeter  flux  around  our  candidate  stars  with  the 
Four  Color  Bolometer  on  1999  March  19-24  and  1999  December  9-13  at  1300  /xm. 
We  completed  our  survey  on  2000  December  14-16  using  the  19  Channel  Bolometer 
Array  at  870  /xm. 
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In  1999  March  19-24  and  December  9-13,  we  used  the  Four  Color  Bolometer 
facility  instrument  with  central  wavelengths  at  1.30  mm,  0.87  mm,  0.45  mm,  and 
0.35  mm,  and  an  approximately  50  GHz  bandwidth.  The  half  power  beam  width 
(HPBW)  at  1300  /xm  is  approximately  35” , which  is  not  diffraction  limited.  We  made 
approximately  10  pointing  observations  per  night,  to  achieve  an  absolute  pointing 
accuracy  of  2-3  arc  seconds.  Continuum  on/off  measurements  of  each  source  were 
made  with  a beam  throw  of  ± 100  " in  azimuth  during  the  March  observing  run  and 
a beam  throw  of  ± 60  " in  December  1999.  Each  continuum  scan  was  comprised 
of  10  subs-cans,  having  on  and  off  source  scans  of  30  seconds  each.  Total  on  source 
integration  times  are  listed  in  Table  6 — 3.  The  scans  were  calibrated  using  continuum 
on/off  measurements  on  Venus,  Mars,  Saturn,  and  Uranus  as  well  as  known  secondary 
sub-millimeter  calibrators:  K3-50,  W3(OH),  NGC  7538IRS1,  G45.1,  and  CRL  618 
(Sandell  et  al.  1994).  Observations  of  standards  during  the  spring  of  1997  found 
the  1300  /xm  noise  equivalent  flux  density  (NEFD)  equal  to  0.6  - 0.8  Jy/sec^/^.  We 
observed  nine  Vega-type  stars  and  one  Herbig  Ae  star,  HD  37357  (see  Tables  6-1  and 
6-3). 

On  2000  December  14-16,  we  used  the  newly  installed  19-channel  bolometer 
array,  developed  at  the  A4ax-Planck-Institut  fur  Radioastronomie  Bonn  to  observe 
eight  Vega-type  stars  and  one  Herbig  Ae  star  (see  Table  6-3).  The  array  consists 
of  19  individual  broadband  continuum  receivers,  each  with  a central  wavelength  of 
0.87mm  (345  GHz).  Eighteen  of  the  channels  form  two  concentric  hexagons  around 
the  central  channel.  The  NEFD  level  for  the  array  is  approximately  0.6  Jy/sec^/^. 
Continuum  on/off  measurements  of  each  sources  were  made  with  a beam  throw  of 
± 50  " in  azimuth.  Each  continuum  scan  was  comprised  of  20  sub-scans,  having 
on  and  off  source  scans  of  10  seconds  each.  Total  on  source  integration  times  are 
listed  in  Table  6-3.  The  scans  were  calibrated  using  continuum  on/off  measurements 
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on  Venus,  Mars,  and  Saturn  as  well  as  known  secondary  sub-millimeter  calibrators: 
K3-50,  W3(OH),  W75N,  and  G45.1  (Sandell  et  al.  1994). 

6.2.1  Selection  Criteria 

One  of  the  stars  in  our  source  list,  /?  Leo,  had  been  observed  previously  in  the 
sub-millimeter:  ^ Leo  (Weintraub  and  Stern  1994).  Of  the  ten  previously  unsurveyed 
stars,  five  were  listed  in  the  Space  Infrared  Telescope  Facility  (SIRTF)  Science  Re- 
quirements Document  as  candidate  stars  for  possessing  planetary  debris  disks:  HD 
10700  (r  Get),  HD  165341  (DM+023482  A),  HD  185144  {a  Dra),  HD  4614  (77  Gas 
A),  and  HD  131156  ((^  Boo  A).  These  stars  are  all  main  sequence  solar  analogs  lo- 
cated within  6.8  pc  (Simmons  and  Werner  1997).  Specifically,  they  are  five  of  the 
closest  stars  with  spectral  types  between  GOV  and  KOV  and  luminosities  similar  to 
solar  (0.37Lq  < L < 1.24Lq).  Aumann  and  Good  (1990)  predict  that  the  typical 
G star  in  the  solar  neighborhood  is  surrounded  by  a disk  of  cool  dust.  In  addition, 
studying  nearby  stars  (d  < lOpc)  is  advantageous  since  it  increases  the  probability 
of  a sub-millimeter  detection  for  systems  possessing  a small  amount  of  dust.  It  also 
allows  lower  limits  on  dust  mass  to  be  placed  on  any  non  detections,  since  the  dust 
mass  is  proportional  to  the  square  of  the  frequently  uncertain  distance. 

The  remaining  candidate  stars,  HD  192425  (p  Aql),  HD  82189  (22  UMa),  HD 
32932  (104  Tau),  HD  37357,  and  HD  39415  were  acquired  from  a list  of  SAG  stars 
having  infrared  excess  in  the  IRAS  Point  Source  Catalogue  (Oudmaijer  et  al.  1992). 
The  color  criteria  for  determining  that  a star  had  an  infrared  excess  were  [12]-[25]  > 
0.4  or  [25]-[60]  > 0.3  (Oudmaijer  et  al.  1992).  We  selected  our  sources  from  Oudmaijer 
et  al.  (1992)  using  the  criteria  that  the  stars  were  of  spectral  types  A-K  and  on  the 
main-sequence.  Out  of  the  462  stars  in  the  Oudmaijer  et  al.  (1992)  list,  approximately 
12  per  cent  met  our  criterion.  Out  of  those  stars,  we  ultimately  observed  only  five 
due  to  time  constraints,  observability  of  the  sources,  and  the  elimination  of  sources 
which  had  already  been  studied  extensively  in  the  sub-millimeter  (e.g.  Vega  and 
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Fomalhaut)  as  well  as  any  sources  showing  evidence  of  emission  lines  (e.g.,  Herbig 
Ae/Be  stars).  Although  not  listed  in  Oudmaijer  et  al.  (1992  as  a Herbig  Ae/Be  star, 
HD  37357  has  been  identified  as  a Herbig  Ae  star  with  spectral  type  AO  Ve  (The  et  al. 
1994).  Nonetheless,  we  have  retained  it  in  our  source  list  for  comparison  purposes. 
We  applied  Oudmaijer’s  color  magnitude  criterion  to  our  other  sources  and  found 
that  HD  10700  also  possesses  an  infrared  excess.  Table  6-1  provides  a listing  of  all 
of  the  sources  we  observed  with  the  SMTO  and  Table  6-2  shows  the  IRAS  fluxes  or 
upper  limits  obtained  for  each  source.  For  our  non-detections,  we  calculated  3<t  upper 
limits  for  the  flux  which  we  present  in  Table  6-3.  These  limits  will  help  constrain 
future  observations.  In  the  case  of  HD  131156,  we  technically  have  a 3cr  detection 
at  1300  fim  in  the  center  channel  of  the  19-Channel  bolometer  and  so  we  calculate  a 
flux  and  a dust  mass  for  the  system.  However,  in  viewing  the  surrounding  channels 
(see  Figure  6-1),  we  see  that  it  is  very  unlikely  that  the  3cr  detection  is  real.  We 
retain  the  section  on  reporting  a flux  and  calculating  a dust  mass  for  HD  131156  as 
an  illustrative  example. 

6.3  Color  Correcting  the  IRAS  Flux  Densities 

The  raw  IRAS  flux  densities  (at  12,  25,  60,  and  100  fim)  must  be  color  cor- 
rected in  a process  that  separates  the  color  corrected  photospheric  component  of  the 
flux  density  from  the  color  corrected  dust  component.  The  basic  idea  behind  col- 
or corrections  is  that  a satellite,  such  as  IRAS,  measures  a non  color  corrected  flux 
density,  which  is  dependent  on  both  the  responsivity  of  the  detector  as  a func- 
tion of  wavelength  and  the  shape  of  the  intrinsic  energy  distribution  of  the  observed 
astronomical  source.  A color  correction  factor,  K{u),  can  be  found  by  assuming  a 
specific  function  for  the  energy  distribution  of  the  source,  where  u is  the  frequency 
corresponding  to  the  nominal  wavelength  of  the  IRAS  band  pass  (i.e.,  12,  25,  60,  or 
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Figure  6-1:  Scan  7548  of  HD  131156  at  1300  /xm.  (left)  The  configuration  of  the 
19-Channel  bolometer  array  elements  is  shown  at  an  elevation  of  69°.  (middle)  The 
mean  signal  in  counts  for  all  of  the  array  elements  for  scan  7548  is  shown  for  the  case 
where  the  mean  of  the  18  outer  array  channels  are  subtracted.  If  the  3cr  detection 
were  real,  we  would  expect  to  see  the  signal  stand  out  in  the  center  channel  (channel 
1)  against  the  background,  and  it  does  not.  (right)  The  rms  signal  in  counts  for 
scan  7548  is  shown  for  the  case  where  the  mean  of  the  18  outer  array  channels  are 
subtracted. 


100  The  color  corrected  flux  density,  becomes 


ipoba 
^ u 

K(uY 


(6.1) 


Listed  in  Table  Supplement  VI. C. 6 of  the  IRAS  Explanatory  Supplement  are  tables 
of  color  correction  factors  for  different  source  functions.  In  the  case  of  a star,  this 
function  is  the  Planck  function  for  a black  body  at  a temperature,  T*,  corresponding 
to  the  spectral  type  of  the  star,  usually  on  the  order  of  10,000  Kelvin.  For  a given 
temperature,  T,  the  Planck  function,  is  defined  as 

(6-2) 

where  T is  the  temperature  of  the  source,  c is  the  speed  of  light  (c  = 2.9979  xlO* 
m/s),  h is  Planck’s  constant  (h  ==  6.626  x 10“^'’  J s),  and  k is  the  Boltzmann  constant 
(k  = 1.381  xl0“^^  J/K)-  For  a particular,  u,  the  process  of  color  correcting  a simple 
stellar  flux  density  would  involve  using  the  spectral  type  of  the  star  to  determine  the 
photospheric  temperature,  finding  the  corresponding  value  of  K{u)  from  the  IRAS 
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Explanatory  Supplement,  and  applying  equation  6.1,  i.e.,  dividing  the  measured  flux 
density  by  K{u)  to  obtain  the  color  corrected  flux  density. 

However,  color  correcting  the  flux  density  for  a star  with  an  infrared  excess, 
due  to  dust  grains  orbiting  the  star,  is  a multiple  step  process.  It  is  not  adequate  to 
simply  apply  a color  correction  factor  suitable  for  a 10,000  K black  body,  since  the 
cool  dust  component  must  also  be  taken  into  account.  It  is  first  necessary  to  find 
a scale  factor,  f}*,  which  will  scale  the  black  body  flux,  to  the  flux  density 

due  to  the  star,  F^.  This  scale  factor  relates  to  the  stellar  radius  and  distance  from 
Earth,  but  can  also  be  expressed  as  the  ratio  of  the  flux  corresponding  to  the  visual 
magnitude  of  the  star,  Fy,  and  the  black  body  flux  at  that  wavelength  (A  = 5556 
Angstroms) 


Fy 

By{T,Y 


(6.3) 


Fy  is  defined  by 


log Fv  = -0.400y-  22.438  [W/{wYHz)\.  (6.4) 


where  V is  the  visual  magnitude  of  the  star.  Thus,  we  can  derive  a predicted  flux 
for  the  star,  F^.  This  predicted  flux  is  in  fact  the  color  corrected  stellar  flux,  F^^ , 
which  can  be  related  to  the  observed  stellar  flux,  F°^^  by  means  of  an  appropriate 
color  correction  factor,  in  the  following  manner 


F 


obs 


^ i/* 


(6.5) 


The  total  observed  flux,  F°^*,  can  be  expressed  as  the  sum  of  the  observed  stellar  flux 
and  the  observed  dust  flux,  and  it  follows  that  the  observed  dust  flux  can  be 

determined  using  the  total  observed  flux  and  the  stellar  flux,  which  was  calculated 
using  equation  6.3: 

poba  ipoba  p\obs 

^ v dust  ^ i/* 


(6.6) 
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which  can  be  related  to  the  color  corrected  dust  flux,  by  means  of  an  equation 

very  similar  to  equation  . Solving  for  the  color  corrected  dust  flux,  we  have 


P'cor 
^ w dust 


jpobs 
■^1/  dust 


K. 


1/  dust 


(6.7) 


The  next  step  is  to  obtain  the  appropriate  color  correction  factor  for  the  dust  compo- 
nent, K^dust,  which  is  dependent  on  the  dust  temperature,  Tdust,  which  is  unknown. 
The  flux  due  to  dust  emission  can  be  written  as 


Fi/ dust  — f^dust(l  6 F^(Tdust)  (6-S) 

where  is  the  optical  depth  of  the  dust  and  ^dust  is  a scale  factor  similar  in  nature 
to  fl*.  Since  emission  from  Vega-type  disks  is  optically  thin,  we  need  only  consider 
the  optically  thin  case  of  equation  6.8; 


Fi/  dust  )B,{Td  ust  ) (6.9) 

Equation  6.9  has  three  unknowns:  ^dust^  'Tv,  and  Tdust-  By  considering  the  ratio  of 
Fudust  for  two  different  frequencies,  one  of  these  unknowns,  ^dusti  can  be  eliminated 
since  it  is  independent  of  u.  The  remaining  variables  can  be  solved  for  iteratively.  As 
an  example,  we  will  consider  the  ratio  of  the  fluxes  for  the  12  and  25  micron  wave 
bands.  and  will  correspond  to  the  observed  values  of  Fudust  for  the  12 

and  25  micron  wave  bands,  respectively: 

Bu^dust  _ ^dust  Ti2  BujTdust)  , . 

^2tdust  ^dust  B2s{TdustY  ^ ’ 

As  can  be  easily  seen  from  the  above  equation,  Qdust  can  be  eliminated.  The  ratio  of 
ti2  to  T25  can  then  be  determined  by  writing  each  r as  an  expression  of  a third  common 
r and  then  determining  the  determining  the  second  r ratio  from  an  extinction  curve. 
For  instance, 

— _ jp 

T2  — T9.7  — /112/9.7  T9.7 

T-9.7 


(6.11) 
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where  rg.7  is  the  value  of  the  optical  depth  of  the  dust  emission  at  A = 9.7  fim.  R12/9.7 
is  a constant  that  can  be  obtained  by  using  the  extinction  curve  from  Mathis  (1990) 
shown  in  Figure  6-2.  From  the  curve,  i?i2/g.7  = 0.04  and  R25/9.7  = 0.0125.  Using  the 
previous  equations  and  solving  for  the  ratio  of  the  black  body  fluxes,  equation  6.10 
reduces  to 

Bi2(rd...)  0.04  Fitk., 

0.0125  ' ■ ’ 

An  iterated  solution  to  equation  6.12  can  be  found.  Once  T^ust  has  been  determined, 

it  can  be  used  to  obtain  both  {fldust  a)  and  K^dust,  which  can  be  used  to  obtain  an 

initial  value  for  ^he  color  corrected  dust  flux.  This  new  dust  flux  can  be  used 

to  obtain  a new  observed  dust  flux,  which  in  turn  can  be  inserted  into  equation  6.12 

to  obtain  a new  Tdust  and  K^dust-  The  procedure  can  be  repeated  until  the  solution 

converges. 


Savage-Matlus  Extmctiou  Law 


Figure  6-2:  The  extinction  curve  and  overlay  near-IR  power  law  fit  (Mathis  1990). 
Figure  courtesy  of  Robert  S.  Fisher. 
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6.4  Results 

Blackbody  and  graybody  fits  to  the  spectral  energy  distribution  (SED)  for  each 
candidate  star  are  shown  in  Figures  6-3,  6-4,  6-5,  and  6-6.  A graybody  is  defined 
as  a modified  blackbody  where  emissivity,  e,  is  a function  of  wavelength:  e ~ 
(where  (3  = 1,2).  In  Figures  6-3  and  6-4,  the  solid  curve  corresponds  to  a blackbody 
appropriate  for  the  star’s  spectral  type,  scaled  to  the  expected  stellar  flux  for  its 
observed  V magnitude  (plotted  as  an  open  diamond).  The  IRAS  flux  densities  (at  12, 
25,  60,  and  100  fim)  are  color  corrected  in  a process  that  separates  the  color  corrected 
photospheric  component  of  the  flux  density  from  the  color  corrected  dust  component, 
as  discussed  in  the  previous  section.  These  components  are  plotted  separately  in 
Figures  6-3  and  6-4.  The  total  color  corrected  IRAS  fluxes  are  represented  by  an  X, 
the  color  corrected  stellar  fluxes  are  plotted  as  open  squares,  and  the  color  corrected 
dust  component  of  the  IRAS  fluxes  are  plotted  as  filled  circles.  Blackbodies  (/?  = 0, 
corresponding  to  large  grains)  and  graybodies  {P  = 1,2,  appropriate  for  small  grains) 
are  fit  to  the  remaining  dust  components.  Ideally,  the  best  fit  would  include  all  of  the 
IRAS  flux  densities,  but  that  is  not  always  possible  since  most  sources  only  possess 
upper  limits  in  the  60  and  100  wave  bands.  In  some  of  these  cases,  there  is  no 
discernible  12  fim  excess  and  a fit  must  be  made  using  just  the  25  fim  flux  density  and 
one  or  both  of  the  60  or  100  /rm  upper  limits.  It  is  important  to  recognize  the  quality 
of  the  fit  to  the  dust  component  of  the  IRAS  fluxes  in  assessing  the  significance  of  the 
SMTO  upper  limits.  It  is  also  possible  that,  like  the  solar  system,  the  star  has  two 
dust  components  - a warm  component  analogous  to  the  zodiacal  cloud  and  a colder 
component  similar  to  the  Kuiper  Belt,  which  would  require  three  different  blackbody 
curves  to  explain  the  SED.  For  each  source,  the  3a  upper  limits  obtained  from  SMTO 
are  plotted  on  their  respective  SEDs  as  open  triangles.  Depending  on  how  well  the 
blackbody  is  fit  to  the  dust  component  of  the  IRAS  data  and  depending  on  where 
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the  upper  limits  from  the  SMTO  data  lie  on  the  SED,  the  likelihood  of  the  presence 
of  dust  in  the  system  can  be  assessed. 

6.5  Discussion 

The  blackbody  and  graybody  curves  for  HD  10700,  HD  32923,  HD  39415,  HD 
37357,  and  /3  Leo  display  a good  fit  to  the  IRAS  data  points,  clearly  showing  the 
existence  of  an  infrared  excess.  The  IRAS  60  and  100  /rm  dust  component  fluxes 
or  upper  limits  are  on  or  clearly  above  the  /3  = 0 SED  and  the  3a  SMTO  upper 
limits  are  also  clearly  above  the  ,5  = 0 SED.  The  implication  is  that  there  is  a 
significant  probability  of  dust  in  the  system  and  that  the  presence  of  dust  detectable 
at  sub-millimeter  wavelengths  can  not  be  ruled  out.  These  stars  would  be  excellent 
candidates  for  more  sensitive  instruments  such  as  SIRTF  and  the  Sub-millimeter 
Array  (SMA).  We  also  compare  our  3a  upper  limit  at  1300  /am  for  /3  Leo  with  the  3cr 
upper  limit  obtained  by  Weintraub  and  Stern  (1994),  which  is  represented  in  Figure  6- 
5 as  an  asterisk.  We  find  that  our  upper  limit  is  more  than  a factor  of  two  lower  than 
that  obtained  by  Weintraub  and  Stern  (1994).  The  two  remaining  IRAS  infrared 
excess  sources,  HD  192425  and  HD  82189,  have  no  discernible  12  /rm  excess  and 
small  25  /rm  excesses  which  were  used  to  fit  the  blackbody  curves.  However,  in  both 
cases,  the  60  upper  limits  were  below  all  of  the  blackbody  fits  for  dust  emission, 
implying  that  either  there  is  no  emission  from  dust  at  longer  wavelengths  or  that 
these  sources  have  both  a warm  dust  component  and  a colder  dust  component.  The 
SMTO  3a  upper  limits  were  above  the  = 1 curves  and  far  above  the  photospheric 
blackbody  curve.  HD  192425  has  a very  small  25  fim  excess,  so  it  is  very  possible 
that  there  is  little  or  no  dust  in  this  system.  However,  HD  82189  has  a larger  excess 
at  25  /xm,  but  the  error  bar  on  the  mefisurement  is  quite  large. 

The  remaining  four  sources  (HD  165341,  HD  185144,  HD  4614,  and  HD 
131156)  are  not  listed  in  Oudmaijer  et  al.  1992  as  IRAS  excess  sources,  although 
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from  our  color  correcting  process,  it  does  seem  that  both  HD  165341  and  HD  131156 
may  have  a small  25  /im  excess.  The  fits  to  the  IRAS  data  for  all  of  these  sources  are 
poor.  In  the  cases  of  HD  165341  and  HD  4614,  the  IRAS  60  flux  density  is  only 
marginally  above  the  blackbody  curve  for  the  stellar  photosphere.  The  SMTO  3cr 
upper  limit  for  HD  165341  is  low  making  this  source  a poor  candidate  for  possessing 
a large  cold  dust  component.  The  SED  of  HD  4614,  a spectroscopic  binary,  gives 
little  evidence  of  a dust  component  in  the  system.  The  12  and  25  fim  fluxes  as  well 
as  the  60  //m  upper  limit  are  nearly  coincide  with  the  blackbody  curve  for  the  stellar 
photosphere,  though  the  relatively  high  3cr  upper  limits  from  SMTO  do  not  rule  out 
a cold  dust  component.  The  fits  to  the  dust  component  of  the  IRAS  flux  densities 
for  HD  185144  is  much  better,  though  it  could  merely  be  due  to  a spuriously  high 
100  pm  upper  limit  because  there  does  not  seem  to  be  any  excess  from  the  measured 
12  or  25  pm  flux  densities.  Again,  even  though  the  SMTO  upper  limits  are  quite 
low,  they  can  not  completely  rule  out  the  existence  of  some  cold  dust  surrounding 
the  star.  However,  since  the  1300  pm  upper  limit  is  only  marginally  above  the  /3  = 2 
graybody  curve  (for  the  limit  of  small  grains),  a cold  dust  component  seems  unlikely. 

HD  131156  Boo  A and  B or  HR  5544)  is  a binary  star  composed  of  stars 
with  types  G8  V and  K4  V (Abt  1981)  and  masses  of  0.85  and  0.72  Mq.  They  are 
separated  by  approximately  7”  and  have  a period  of  151  years  (Strand  1943,  Wielen 
1962,  Harris  et  al.  1963.,  Gray  1992).  Their  small  angular  separation  is  much  less 
than  the  SMTO  beam  size  for  both  wavelengths.  The  star  exhibits  a small  25  pm 
excess,  however  the  60  pm  IRAS  upper  limit,  although  above  the  stellar  photospheres, 
is  below  the  (3  = 0 blackbody  curve.  Both  the  3a  upper  limit  at  870  fim  and  the 
tentative  3a  detection  at  1300  pm  lie  on  the  (3  = 0 blackbody  curve,  leaving  open 
the  possibility  of  dust  in  this  system. 
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6.5.1  Dust  Mass 


The  envelopes  or  disks  surrounding  many  young  stars  contain  gas  and  dust, 
both  of  which  contribute  to  the  measured  mass.  However,  in  the  case  of  the  more 
evolved  planetary  debris  disks,  most  of  the  gas  has  been  cleared  away  as  evidenced 
by  the  null  results  from  searches  for  gas  around  Vega-type  stars.  The  gas  to  dust 
ratio  in  these  debris  disks  is  reported  to  be  at  least  10  to  1000  times  lower  than  in 
the  interstellar  medium  (Dent  et  al.  1995;  Freudling  et  al.  1995).  For  this  paper,  we 
adopt  a gas  to  dust  ratio  that  is  100  times  less  than  that  found  in  the  interstellar 
medium  (ISM),  which  translates  into  adopting  a mass  absorption  coefficient,  Kats, 
for  our  systems  which  is  100  times  greater  than  for  a system  which  assumed  a gas  to 
dust  ratio  appropriate  for  the  ISM.  We  calculated  a dust  mass  for  HD  131156  (as  an 
example  only  since  we  do  not  believe  we  have  a detection)  using  equation  6.13  from 
Zuckerman  et  al.  (1993) 


F,dP 


Mdust 

where  M^ust  is  the  estimated  mass  of  dust  or  the  3cr  lower  limit  on  dust  mass  in  the 
system  in  grams.  is  the  flux  or  the  3a  rms  flux  (Jy),  d is  the  distance  to  the  star 
in  meters,  and  Kabs  is  the  mass  absorption  coefficient  in  units  of  m^/g.  B{i/,Tdust), 
the  blackbody  intensity,  is  measured  in  Janskies  and  T^ust  is  the  temperature  of  the 
dust  grains  m Kelvins.  Tj,ust  was  derived  from  a blackbody  {j3  = 0)  flt  to  the  color 
corrected  dust  component  of  the  IRAS  fluxes. 

In  the  low  temperature  sub-millimeter  regime,  B[v^  T^ust)  can  be  approximated 
by  2kTdust/^^  in  the  Rayleigh- Jeans  limit  (Zuckerman  et  al.  1993,  Hildebrand  1983), 
which  is  advantageous  since  in  this  approximation  Mdust  depends  only  inversely  on 
the  uncertain  dust  temperature.  However,  the  Rayleigh- Jeans  limit  is  inappropriate 
for  dust  temperatures  less  than  or  equal  to  50  K (Weintraub  and  Stern  1994).  We 
calculated  3a  upper  limits  for  the  dust  mass  around  the  candidate  stars  using  both 
the  full  blackbody  expression  and  the  Rayleigh-Jeans  limit  and  found  a 6-10  per 
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cent  difference  in  the  results.  As  a result,  we  decided  to  use  the  full  expression  for 
blackbody  intensity. 

The  mass  absorption  coefficient  is  not  well  constrained  since  it  depends  on  the 
undetermined  sizes  of  the  dust  particles  presumed  to  be  orbiting  around  the  star.  We 
use  a Kabs  for  1300  /rm  of  0.29  cm^/g  (Pollack  et  al.  1994,  Zuckerman  and  Becklin 
1993).  This  value  for  the  mass  absorption  coefficient  is  derived  assuming  that  the  flux 
comes  from  particles  with  a radius  approximately  equal  to  300  fxm,  so  our  estimates 
represent  a minimum  dust  mass  for  the  large  grain  case.  Kabs  can  vary  by  up  to  a 
factor  of  4 in  the  wavelength  regime  we  are  considering  (Pollack  et  al.  1994). 

HD  131156 

Our  one  3cr  detection,  HD  131156,  has  a flux  of  6.25  ± 1.88  mJy  at  1300 
/im  and  a corresponding  dust  mass  of  1.10  ± 0.33  lunar  masses.  Holland  et  al. 
(1998)  found  dust  masses  for  Vega,  Fomalhaut,  and  /3  Pictoris  of  0.7,  1.5,  and  7.8 
lunar  masses,  respectively.  As  another  comparison,  the  total  mass  in  the  observable 
Kuiper  belt  is  approximately  8.2  lunar  masses  (Jewitt,  Luu  and  Chen  1996;  Jewitt, 
Luu  and  Trujillo  1998;  Luu  and  Jewitt  1998).  The  dust  mass  for  HD  131156  fits 
in  well  with  these  other  estimates.  When  the  19  Channel  Bolometer  array  data  for 
HD  131156  is  studied,  no  clear  source  can  be  seen  so  it  is  unlikely  that  the  detection 
is  real. 

3(7  Limits 

Our  3(7  lower  limits  on  dust  mass  at  870  /xm  are  easily  compared  to  the  values 
obtained  by  Holland  et  al.  (1998).  From  our  list  of  candidates,  HD  10700,  HD 
185144,  HD  4614,  HD  131156,  and  /5  Leo  show  limits  on  dust  masses  at  870  /xm  on 
the  order  of  Vega  (0.11  < M^ust  < 0.85).  The  3(7  mass  limit  for  HD  32923  at  870  /xm 
of  2.33  lunar  masses  is  lower  than  the  mass  of  /?  Pictoris.  The  mass  limits  at  1300 
/xm  are  not  as  tight,  due  to  the  fact  that  the  4 Color  Bolometer  is  not  as  sensitive 
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as  the  19  Channel  Bolometer.  However,  they  still  show  that  for  seven  of  our  sources, 
the  lower  limits  and  detection  are  on  the  order  of  previously  observed  debris  disks 
(1.05  < Mdust  < 9.70).  The  masses  of  HD  192425,  HD  82189,  and  HD  37357  are 
poorly  constrained,  most  likely  due  to  their  large  distances,  although  as  a Herbig  Ae 
star,  HD  37357  is  expected  to  have  a dust  mass  that  is  much  larger  than  a typical 
planetary  debris  disk. 


6.6  Conclusions  and  Future  Work 

Our  one  3a  detection,  HD  131156,  has  a flux  of  6.25  ± 1.88  mJy  at  1300  fmi 
and  a corresponding  dust  mass  of  1.10  ± 0.33  lunar  masses,  but  it  is  probably  not 
real.  Nonetheless,  the  dust  mass  for  HD  131156  fits  in  well  with  with  the  Holland 
et  al.  (1998)  results  and  with  the  estimated  mass  of  the  Kuiper  belt  {Md(Vega)  < 

-^h{HD131156)  < Md{Fomalhaut)  < Md(pPic)  < Md{KB))- 

Upper  limits  will  be  used  as  guidelines  for  choosing  the  most  promising  can- 
didates for  future  sub-millimeter  and  possibly  SIRTF  observations.  As  mentioned 
before,  some  of  our  sources  were  candidates  for  SIRTF,  which  has  an  advantage  of 
high  sensitivity  and  thus  may  be  able  to  make  detections  even  if  other  ground  obser- 
vations fail  to  detect  dust  disks.  Nonetheless,  including  our  marginal  detection,  we 
have  no  evidence  for  massive  disks  surrounding  seven  of  these  sources.  If  disks  exist, 
they  may  be  similar  to  the  tenuous  disks  surrounding  Vega  and  Fomalhaut,  of  the 
order  of  a lunar  mass  of  material.  The  mass  limits  on  three  of  the  sources  are  poorly 
constrained  due  to  their  large  (>  45  pc)  distances,  though  in  the  case  of  the  Herbig 
Ae  star,  HD  37357  (3cr  dust  mass  limit  at  870  pm  ~ 18  M©),  a large  dust  disk  would 
not  be  unexpected  (check). 

SIRTF  will  have  unprecedented  sensitivity  in  the  search  for  emission  from 
planetary  debris  disks.  The  nearest  systems  will  be  spatially  resolved  and  can  be 
imaged  by  the  Multiband  Imaging  Photometer  (MIPS)  in  the  24,  70,  and  160  pm  wave 
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bands  (Hanner  et  al.  1999).  Assuming  a low  background  noise  and  an  integration 
time  of  500  seconds,  the  5cr  sensitivities  are  0.35,  1.3,  and  22.5  mJy  for  the  24,  70, 
and  160  /xm  wave  bands,  respectively.  These  limits,  particularly  at  70  //m,  could  help 
to  determine  the  extent  of  an  infrared  excess  at  far-infrared  wavelengths,  since  the 
IRAS  far-infrared  data  for  this  source  are  only  upper  limits. 

Table  6-1:  SMTO  Source  List. 


Name  RA  (J2000)  Dec  (J2000)  Distance  (pc)  Spectral  type 


HD  10700  (r  Get) 

HD  165341  (DM+023482  A) 
HD  185144  {a  Dra) 

HD  4614  (7;  Gas  A) 

HD  131156  Boo  A) 

HD  32923  (104  Tau) 

HD  192425  (p  Aql) 

HD  82189  (22  UMa) 

HD  37357 
HD  39415 
HD  102647  {p  Leo) 


01 

44 

09.99 

-15  56  57.9 

18 

05 

26.36 

+02  30  52.9 

19 

32 

15.59 

+69  41  09.6 

00 

48 

59.07 

+57  49  23.7 

14 

51 

22.73 

+19  6 8.9 

05 

07 

25.07 

+18  38  41.1 

20 

14 

16.34 

+15  11  48.2 

09 

34 

52.70 

+72  12  23.9 

05 

37 

46.96 

-06  42  30.2 

05 

54 

41.54 

+44  30  08.0 

11 

49 

5.26 

14  34  25.16 

3.65 

G8V 

5.09 

KOV 

5.77 

KOV 

5.95 

G3V 

(and  K7V) 

6.70 

G8V 

(and  K4V) 

15.9 

G4V 

47.1 

A2V 

49.9 

F7V 

~480 

AOVe 

- 

F5V 

11.1 

A3V 

SMTO  Source  List.  The  sources  were  taken  from  the  SIRTF  Science  Requirements  Docu- 
ment (Simmons  and  Werner  1997)  and  from  Oudmaijer  et  al.  (1992).  The  distances  in  the 
table  w'ere  derived  from  the  Hipparcos  Catalogue  (ESA  1997)  for  all  sources  except  for  HD 
37357.  Hipparcos  parallaxes  have  an  error  of  about  0.8  milli-arcsec  for  a typical  star  at  20 
pc.  HD  37357  is  a Herbig  Ae  star  in  a double  or  multiple  system  located  in  Lynds  1641,  the 
nearest  giant  molecular  cloud  at  a distance  of  480  pc  (Strom  et  al.  1989).  Spectral  types, 
for  each  source,  were  obtained  from  SIMBAD  except  for  HD  4614  and  HD  131156,  where 
they  were  obtained  from  Fernandes  et  al.  (1998). 
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Table  6-2:  IRAS  Fluxes  and  Upper  Limits  [Jy]. 


Name 

12  pm 

25  pm 

60  pm 

100  pm 

HD  10700 

9.562  ± 0.669 

2.157  ± 0.194 

0.513  ± 0.056 

1.360 

HD  165341 

7.374  ± 0.295 

1.805  ± 0.144 

0.400 

1.348 

HD  185144 

3.313  ± 0.100 

0.744  ± 0.060 

0.400 

4.099 

HD  4614 

7.609  ± 0.380 

1.746  ± 0.105 

0.400 

1.841 

HD  131156 

4.086  ± 0.286 

0.964  ± 0.077 

0.400 

1.000 

HD  32923 

1.924  ± 0.115 

0.550  ± 0.072 

0.400 

6.908 

HD  192425 

0.497  ± 0.035 

0.235  ± 0.033 

0.400 

1.135 

HD  82189 

0.612  ± 0.037 

0.301  ± 0.238 

0.400 

1.062 

HD  39415 

0.30  ± 0.03 

0.27  ± 0.09 

0.40 

1.23 

HD  37357 

2.01  ± 0.121 

2.79  ± 0.195 

2.90  ± 1.537 

20.29  ± 2.638 

HD  102647 

6.970  ± 0.349 

2.107  ± 0.232 

1.179  ± 0.130 

1.000 

IRAS  Fluxes  and  Upper  Limits  [Jy].  Listed  above  are  the  source’s  IRAS  fluxes  from  the 
IRAS  Point  Source  Catalog  v.2.1  before  color  correcting.  If  no  error  is  listed,  the  flux  is  an 
upper  limit. 


Table  6-3:  SMTO  Bolometer  Observations  1999-2000. 


870  pm  1300  pm 


On  Source 
Integration 
Time 

S/N 

3 cr 
Limit 
|mjy] 

On  Source 
Integration 
Time 

S/N 

3 cr 
Limit 

HD  10700 

47  min 

+1.94 

19.8 







HD  165341 

- 

- 

- 

1 hr  30  min 

+0.94 

8.85 

HD  185144 

47  min 

+0.043 

37.53 

2 hr  35  min 

-1.11 

3.81 

HD  4614 

50  min 

-0.0085 

26.04 

40  min 

-2.10 

23.52 

HD  131156 

1 hr  27  min 

+0.35 

17.28 

3 hr 

+3.33 

6.25  ± 1.88 

HD  32923 

30  min 

+1.53 

38.52 

30  min 

-1.34 

12.60 

HD  192425 

17  min 

+ 1.39 

33.30 

1 hr  25  min 

-1.38 

7.95 

HD  82189 

- 

- 

- 

1 hr  55  min 

-0.72 

8.91 

HD  37357 

30  min 

-1.23 

38.70 

20  min 

+0.29 

26.64 

HD  39415 

1 hr  10  min 

+0.92 

18.75 

55  min 

+ 1.53 

10.68 

(3  Leo 

1 hr 

+0.17 

20.91 

1 hr  20  min 

+0.30 

8.85 

SMJ’O  Bolometer  Observations  1999-2000.  The  measured  flux  for  HD  131156  is  6.25  ± 
1.88  mJy. 
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a)  HD  165341 


b)  HD  185144  (cr  Dra) 


c)  HD  4614  (77  Cas  A and  B)  d)  HD  32923 

Figure  6-3:  Blackbody  (/3  = 0)  and  graybody  (^  = 1 and  2)  fits  to  the  star  subtracted 
color  corrected  IRAS  fiuxes  for  (a)  HD  165341,  (b)  HD  185144  (cr  Dra),  (c)  HD  4614 
{rj  Cas  A and  B),  and  (d)  HD  32923.  The  open  diamonds  are  fluxes  derived  from  the 
V magnitudes  from  the  Hipparcos  and  Tycho  Catalogues  (ESA  1997).  The  total  color 
corrected  IRAS  fluxes  or  upper  limits  are  represented  by  Xs.  The  stellar  photospheric 
component  of  the  IRAS  fluxes  or  upper  limits  are  denoted  by  open  squares  while  the 
dust  component  of  the  IRAS  fluxes  or  upper  limits  are  shown  as  filled  circles.  Upper 
limits  are  represented  by  the  appropriate  symbol  with  a downward  pointing  arrow. 
Lastly,  open  triangles  with  arrows  denote  SMTO  3 a upper  limits  from  sub-millimeter 
observations  at  870  and  1300  fim.  The  black  body  values  of  the  stellar  photosphere 
are  plotted  as  a solid  line.  In  the  case  of  binary  stars  where  there  is  information  on 
both  components  (i.e.,  HD  4614),  both  photosphere  curves  are  plotted.  The  black 
and  greybody  fits  to  the  dust  are  also  plotted.  The  /3  = 0 dust  component  curve  is 
plotted  as  a dotted  line.  The  P = I and  P — 2 greybody  dust  component  curves 
are  plotted  with  dashed  and  dash  dotted  lines,  respectively.  The  thick  solid  line 
represents  the  addition  of  the  stellar  photosphere  curves  or  curves  and  the  P — 0 
blackbody  fit  to  the  dust  component. 
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a)  HD  192425  [p  Aql)  b)  HD  82189  (22  UMa) 


c)  HD  39415  d)  HD  37357 


Figure  6-4:  Blackbody  (/?  = 0)  and  graybody  (/3  = 1 and  2)  fits  to  the  star  subtracted 
color  corrected  IRAS  fiuxes  for  (a)  HD  192425  {p  Aql),  (b)  HD  82189  (22  UMa),  (c) 
HD  39415,  (d)  HD  37357,  and  (e)  j3  Leo  (HD  102647).  The  symbols  are  the  same 
as  in  Figure  6-3.  Open  triangles  with  arrows  denote  SMTO  3 a upper  limits  from 
sub-millimeter  observations  at  870  and  1300  pm.  The  black  body  values  of  the  stellar 
photosphere  are  plotted  as  a solid  line.  The  black  and  greybody  fits  to  the  dust  are 
also  plotted.  The  ^ = 1 curve  is  a dashed  line  and  the  P — 2 curve  is  a dotted 
line. The  thick  solid  line  represents  the  addition  of  the  stellar  photosphere  curves  or 
curves  and  the  P = 0 blackbody  fit  to  the  dust  component. 
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Figure  6-5:  Blackbody  (/5  = 0)  and  graybody  (/5  = 1 and  2)  fits  to  the  star  subtracted 
color  corrected  IRAS  fiuxes  for  (5  Leo.  The  above  graph  shows  blackbody  = 0)  and 
graybody  (,5  = 1 and  2)  fits  to  the  star  subtracted  color  corrected  IRAS  fiuxes  for  /3 
Leo.  The  symbols  are  the  same  as  in  Figure  6-3,  except  that  the  asterisk  represents 
the  3a  upper  limit  obtained  by  Weintraub  and  Stern  (1994).  The  3 a upper  limit  at 
1300  fxm  of  8.85  mJy  found  by  this  survey  is  2.4  times  smaller  than  the  upper  limit 
found  by  Weintraub  and  Stern  (1994). 
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Figure  6-6:  Blackbody  (/3  = 0)  and  graybody  (/3  = 1 and  2)  fits  to  the  dust  component 
of  the  color  corrected  IRAS  fluxes  and  upper  limits  for  HD  131156.  The  symbols  are 
the  same  as  in  Figure  6-3.  Our  one  3cr  detection  (S/N  = 3.33),  HD  131156,  has  a 
mean  flux  of  6.25  ± 1.88  mJy.  If  this  were  in  fact  a detection,  the  corresponding 
dust  mass  would  be  1.10  ± 0.33  lunar  masses.  However,  in  viewing  the  surrounding 
channels  of  the  19-Channel  bolometer,  it  appears  unlikely  that  this  detection  is  real. 
For  comparison,  the  total  mass  in  the  observable  Kuiper  belt  is  of  order  0.1  Earth 
masses,  corresponding  to  approximately  8.2  lunar  masses  (Jewitt,  Luu  and  Chen 
1996;  Jewitt,  Luu  and  Trujillo  1998;  Luu  and  Jewitt  1998). 


CHAPTER  7 
CONCLUSIONS 

Three  different  types  of  asymmetries  can  serve  to  indicate  bodies  orbiting  a 
star  in  a disk:  1)  a warp  in  the  plane  of  symmetry  of  the  disk  due  to  the  variation 
of  the  forced  inclinations  of  the  particles  with  respect  to  their  astrocentric  distances 
(Dermott  et  al.  1999a,  Dermott  et  al.  1999b),  2)  an  offset  in  the  center  of  symmetry 
of  the  disk  with  respect  to  the  central  star  due  to  forced  eccentricities  of  the  dust 
particles  (Holmes  et  al.  1998),  and  3)  density  anomalies  in  the  plane  of  the  disk  due 
to  resonant  trapping  of  dust  particles  (Dermott  et  al.  1994b,  Jayaraman  1995).  The 
existence  and  causes  of  the  warp  and  the  offset  in  the  background  zodiacal  cloud  have 
been  determined  and  knowledge  about  asymmetries  in  the  zodiacal  cloud  has  been 
used  to  make  predictions  about  the  nature  of  a dust  disk  in  the  Kuiper  belt. 

7.1  Warp  and  Offset 

Using  CODE  DIRBE  observations,  we  link  structure  in  the  zodiacal  cloud, 
namely  the  warp  and  offset  of  the  cloud,  to  the  presence  of  planets  using  secular  per- 
turbation theory.  We  find  that  the  position  of  the  ascending  node  at  1 AU  is  70.7°± 
0.4°  (Dermott  et  al.  1998,  Holmes  et  al.  1999).  From  previous  work,  the  position  of 
the  ascending  node  in  the  near  ecliptic  case  (i.e.,  external  to  1 AU)  was  determined 
to  be  58.40°±  2.33°  (Dermott  et  al.  1996b).  The  statistically  significant  disparity  - 
the  nodes  differ  by  more  than  12°  - between  ascending  nodes  for  observations  at  the 
ecliptic  poles  (north  and  south)  and  for  observations  near  the  ecliptic  (leading  and 
trailing)  indicates  that  the  zodiacal  cloud  is  indeed  warped.  The  warp  in  the  plane 
of  symmetry  of  the  zodiacal  cloud  is  caused  by  the  fact  that  the  planets  do  not  lie 
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in  the  same  orbital  plane.  Jupiter,  the  most  massive  of  the  planets,  is  inclined  to 
the  Ecliptic  by  1.30°,  and  Saturn  is  inclined  to  the  Ecliptic  by  2.49°.  The  mutual 
inclination,  ImutuaU  of  Jupiter  to  Saturn  produces  the  warp  in  the  zodiacal  cloud. 
Since  Imutuai  is  small  (~  1-19°),  the  warp  in  the  zodiacal  cloud  is  small.  In  addition, 
we  build  heuristic  models  of  clouds  with  various  degrees  of  warping  and  we  find  that 
SIRTF  will  not  be  capable  of  detecting  a small  warp  similar  to  that  seen  in  our  solar 
system’s  zodiacal  cloud. 

Using  CORE  data,  we  determined  the  variation  with  the  longitude  of  the  Earth 
of  the  polar  brightness  of  the  zodiacal  cloud,  yielding  knowledge  about  the  offset  of  the 
background  zodiacal  cloud  from  the  Sun.  The  north  and  south  polar  brightnesses,  N 
and  S',  are  combined  to  yield  the  mean  of  the  north  and  south  brightnesses,  (A^+S')/2. 
The  variation  in  (A^  + S')/2  with  ecliptic  longitude  of  Earth  is  sinusoidal  due  to  the 
variation  in  brightness  due  to  Earth’s  eccentric  orbit.  If  the  cloud  were  symmetric 
about  the  Sun  (i.e.,  if  there  were  no  offset),  the  majcimum  and  minimum  brightnesses 
of  the  cloud  would  occur  at  perihelion  and  aphelion,  respectively.  The  minimum  of 
the  CORE  curve  at  244°  is  clearly  displaced  from  Earth’s  aphelion,  located  at  282.9°, 
which  demonstrates  that  the  center  of  symmetry  of  the  cloud  is  displaced  from  the 
Sun.  The  offset  in  the  center  of  symmetry  of  the  cloud  with  respect  to  the  Sun 
is  caused  by  the  forced  eccentricities  of  the  dust  particles.  In  addition,  we  obtain 
supplementary  ISO  observations  and  determine  a scale  factor  for  the  data  which  we 
apply  to  calibrate  the  data  to  the  observed  CORE  brightness. 

7.2  Resonant  Structure  in  the  Kuiper  Disk 

Resonant  structure  in  the  hypothetical  Kuiper  disk  is  discussed  at  length  in 
Chapters  4 and  5.  In  Chapter  4,  we  present  the  results  of  one  of  the  first  detailed 
studies  of  the  resonant  structure  in  the  Kuiper  disk.  The  particles  are  generated  by 
bodies  already  inhabiting  the  3:2  mean  motion  resonance.  The  dynamical  evolution 
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of  the  particles  in  the  disk  is  followed  from  source  to  sink  with  Poynting-Robertson 
light  drag,  solar  wind  drag,  radiation  pressure,  the  Lorentz  force,  neutral  interstellar 
gas  drag,  and  the  effects  of  planetary  gravitational  perturbations  included.  From  our 
numerical  integrations,  we  determine  what  percentage  of  particles  remain  in  the  3:2 
resonance  for  a variety  of  particle  and  source  body  sizes. 

From  Figures  4-19,  4-20,  and  4-21,  it  is  clear  that  the  percentage  of  particles 
in  the  3:2  mean  motion  resonance  increases  with  decreasing  /3  (i.e.,  increasing  particle 
size).  Consequently,  a size  distribution  for  a Plutino  disk  must  be  weighted  toward  the 
larger  size  particles.  In  addition,  as  long  as  the  potential,  U,  of  the  particles  is  small 
{U  ~ 5P),  the  Lorentz  force  does  not  inhibit  trapping  to  a great  extent.  However, 
if  the  U of  the  particles  is  increased  to,  for  example,  20P,  the  Lorentz  force  does 
significantly  affect  trapping  for  small  particles.  Though  the  value  of  20V  may  be  too 
high  for  particles  in  our  solar  system,  this  result  may  have  important  ramifications 
for  the  study  of  dust  dynamics  in  exo-solar  systems.  We  also  find  that  the  addition  of 
the  effect  of  neutral  interstellar  gas  drag  does  not  decrease  the  percentage  of  particles 
of  a given  /3  which  remain  in  the  3:2  resonance  by  a statistically  significant  amount. 
Overall,  Figures  4-19,  4-20,  and  4-21  indicate  that  large  particles  are  much  more  likely 
to  remain  in  the  3:2  resonance  than  small  particles,  given  our  initial  conditions.  Few 
particles  smaller  than  10  /im  in  diameter  will  remain  in  a Plutino  disk. 

7.3  Searching  the  CQBE  Data  for  the  Plutino  Disk 

By  removing  emission  due  to  the  background  zodiacal  cloud  and  the  dust 
bands,  we  expect  to  see  the  trailing/leading  signature  of  Earth’s  resonant  ring.  None 
of  our  current  background  zodiacal  cloud  models  are  sophisticated  enough  to  allow  us 
to  obtain  the  residuals  predicted  by  theory.  We  are  additionally  justified  in  expecting 
to  see  residuals  from  a resonant  ring  with  a trailing/leading  asymmetry  because  we 
see  the  trailing/leading  asymmetry  in  the  COBE  data  (see  Figure  5-1).  Both  Reach 
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et  al.  (1995)  and  Kelsall  et  al.  (1998)  claim  to  see  the  correct  trailing/leading 
asymmetry  when  they  subtract  their  background  zodiacal  cloud  models  from  the 
COBE  data.  However,  we  are  unable  to  reproduce  their  results  by  using  their  models 
(either  modified  or  unmodified).  Furthermore,  the  offset  of  the  Kelsall  model  does  not 
match  the  offset  seen  in  the  COBE  data  (see  Figure  5-4).  Having  said  this,  however, 
we  acknowledge  that  the  Kelsall  et  al.  (1998)  model  is  the  most  complete  background 
zodiacal  cloud  model  to  date  and  that  the  shape  of  the  model  does  match  the  shape 
of  the  zodiacal  cloud  fairly  well.  The  detection  of  the  Kuiper  disk,  however,  hinges 
on  developing  a model  of  the  zodiacal  cloud  that  does  more  than  simply  possess  the 
correct  overall  lenticular  shape. 

Our  conclusion  is  that  all  of  the  Kelsall  et  al.  (1998)  and  Reach  et  al.  (1995) 
zodiacal  cloud  models  must  be  replaced  with  dynamical  models.  We  are  able  to 
use  two  dynamical  models:  the  dust  band  model  (Grogan  et  al.  2001)  and  the 
resonant  ring  model  (Jayaraman  et  al.  1995).  However,  the  most  important  model, 
the  background  zodiacal  cloud  model,  is  still  incomplete,  mainly  because  an  accurate 
background  zodiacal  cloud  model  necessitates  the  inclusion  of  large  particles  (100  - 
500  //m),  the  dynamics  of  which  are  relatively  unknown  and  in  need  of  further  study. 
We  conclude  that  a dynamical  two-component  (both  inner  and  outer)  zodiacal  cloud 
model  must  be  created  to  complete  the  search  for  the  resonant  signature  of  the  Kuiper 
disk. 


7.4  Sub-millimeter  Observations 

From  our  sub-millimeter  survey  of  debris  disk  candidates,  we  obtain  upper 
limits  on  the  flux  around  ten  Vega-type  stars  and  one  Herbig  Ae  star  with  the  Four 
Color  Bolometer  and  the  19  Channel  Bolometer  Array  at  the  Sub-millimeter  Tele- 
scope Observatory  using  the  Heinrich-Hertz  Telescope  (SMTO)  in  the  870  /rm  and 
1300  /rm  wave  bands,  respectively.  All  of  our  sources  are  undetected  at  870  fim.  In 
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the  case  of  HD  131156,  we  technically  have  a 3a  detection  at  1300  fxm  in  the  center 
channel  of  the  19-Channel  bolometer  and  so  we  report  a flux  of  6.25  ± 1.88  mJy 
and  we  derive  a dust  mass  of  1.10  ± 0.33  lunar  masses  for  the  system.  However,  in 
viewing  the  surrounding  channels,  we  see  that  it  is  very  unlikely  that  the  3a  detection 
is  real.  We  have  no  evidence  for  massive  disks  surrounding  these  sources.  If  disks 
exist,  they  may  be  similar  to  the  tenuous  disks  surrounding  Vega  and  Fomalhaut,  of 
the  order  of  a lunar  mass  of  material. 

Upper  limits  from  our  sub- millimeter  observations  will  be  used  as  guidelines 
for  choosing  the  most  promising  candidates  for  future  sub-mm  and  possibly  SIRTF 
observations.  As  mentioned  before,  some  of  our  sources  were  candidates  for  SIRTF, 
which  has  an  advantage  of  high  sensitivity  and  thus  may  be  able  to  make  detections 
even  if  other  ground  observations  fail  to  detect  dust  disks. 

7.5  Future  Work 

7.5.1  Plutino  Disk 

From  the  percentages  of  particles  in  the  3:2  resonance  we  obtained  from  our 
numerical  simulations,  we  can  build  a complete  Plutino  disk  model.  We  can  also 
study  the  effects  of  trapping  in  the  inclination  resonances  and  other  resonances  such 
as  the  5:3  and  the  2:1  more  thoroughly.  For  example,  in  the  5:3  resonance,  a sizeable 
percentage  of  particles  are  trapped  in  the  inclination  resonances  (some  particles  may 
be  trapped  in  multiple  resonances).  The  inclination  resonances  are  a topic  for  future 
study. 

7.5.2  Building  a Complete  Background  Zodiacal  Cloud  Model 

The  background  zodiacal  cloud  is  warped  and  the  center  of  the  cloud  is  offset 
from  the  Sun.  A complete  model  of  the  background  zodiacal  cloud  which  accounts 
for  both  its  warp  and  offset  needs  to  be  developed.  A full  two  component  (both  inner 
and  outer)  zodiacal  cloud  model  will  be  created.  The  outer  cloud  model  created  in 
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Chapter  5 will  be  refined  and  an  inner  clond  model  will  be  created.  The  dynamics  of 
the  inner  cloud  are  dominated  by  large  particles,  100  - 500  in  diameter  (Dermott 
et  al.  2001,  Love  and  Brownlee  1993).  In  considering  the  dynamics  of  the  inner 
cloud,  collisions  between  particles,  resonances  (in  particular,  the  secular  resonance  at 
approximately  2 AU),  and  the  gravitational  scattering  by  the  inner  planets  must  be 
included  in  future  models. 

7.5.3  Applications  to  Planetary  Debris  Disks 

We  will  further  develop  circumstellar  disk  models  which  will  probe  the  connec- 
tion between  planetary  debris  disks  and  the  presence  of  planets.  For  the  first  time, 
the  combination  of  Keck  (single  dish  and  interferometer)  and  SIRTF  (Space  Infrared 
Telescope  Facility)  data  on  nearby  stars  will  allow  for  a complete  characterization 
of  exo-zodiacal  dust  disks  on  scales  of  approximately  1 to  100  AU,  while  the  ad- 
vancement in  modeling  techniques  will  allow  us  to  build  a comprehensive  model  of 
planetary  debris  disk  dynamics.  Ultimately,  this  research  will  be  utilized  to  assess 
the  degree  to  which  exo-zodiacal  emission  will  affect  the  Terrestrial  Planet  Finder 
mission. 

We  will  refine  and  extend  our  modeling  capabilities  to  incorporate  collision- 
s,  a larger  range  of  particle  sizes,  and  gas  drag.  Although  we  have  included  the 
Lorentz  force  in  some  of  our  numerical  integrations,  we  concluded  that  for  particles 
in  the  solar  system  with  a potential,  U ~ 5U,  the  Lorentz  force  does  not  seem  to 
hinder  trapping  into  resonances.  However,  the  value  of  the  grain  potentials  in  exo- 
solar systems  is  relatively  unknown  and,  consequently,  a larger  range  of  potentials 
deserve  consideration.  Collisions  dominate  over  PR  drag  in  many  debris  disks,  such 
as  HR  4796  (Wyatt  et  al.  1999),  so  a size  distribution  of  particles  based  on  collisions 
must  be  taken  into  account.  We  have  included  the  effects  of  neutral  interstellar  gas 
drag  in  some  of  our  numerical  integrations,  but  a wider  range  of  effects  due  to  gas 
drag  may  have  to  be  considered.  Drag  due  to  the  presence  of  gas  in  the  system  can 
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be  a notable  effect  for  dust  disks  around  very  young,  pre-main  sequence  stars.  These 
additions  to  our  current  capabilities  will  allow  us  to  build  a comprehensive  model  of 
planetary  debris  disk  dust  dynamics. 


APPENDIX  A 
SIMUL 


SIMUL  models  are  three  dimensional,  numerical  models  of  dust  disks  which 
are  based  on  the  theory  of  Secular  Perturbations,  the  classical  method  used  to  study 
the  long  term  orbital  evolution  of  both  planets  and  minor  planets  in  planetary  sys- 
tems. The  dynamical  evolution  of  the  particles  is  followed  from  source  to  sink  with 
Poynting  Robertson  light  drag  (PR  drag),  solar  wind  drag,  radiation  pressure,  and 
the  effects  of  planetary  gravitational  perturbations  included.  Based  on  these  effects, 
a set  of  orbits  is  generated  for  the  particles  in  the  disk.  The  orbits  of  the  particles  are 
distributed  through  a three-dimensional  array  of  cells,  generating  a three-dimensional 
numerical  SIMUL  model.  Specifically,  these  are  the  basic  ideas  assumption  behind 
SIMUL: 

1.  A model  cloud  is  composed  of  a large  number  (hundreds  of  thousands  to  mil- 
lions) of  dust  particle  orbits.  The  total  cross  sectional  area  of  the  model  is 
divided  equally  among  all  of  the  orbits. 

2.  The  orbital  elements  for  the  dust  particles  are  input  into  SIMUL  and  a set  of 
orbits  are  generated  based  on  those  elements.  The  input  may  be  in  terms  of 
(a)  total  orbital  elements  or  (b)  forced  and  proper  elements. 

Using  low  order  Secular  Perturbation  Theory,  the  osculating  elements:  (eccen- 
tricity (e),  inclination  (I),  longitude  of  ascending  node  (O),  and  longitude  of 
pericenter  (w),  can  be  decomposed  into  proper  and  forced  elements.  The  prop- 
er elements  are  dependent  on  initial  conditions  while  the  forced  elements  are 
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imposed  on  the  particle’s  orbit  by  the  gravitational  perturbations  of  the  plan- 
ets. This  decomposition  is  still  applicable  in  the  presence  of  drag  forces.  The 
assumptions  for  the  low  order  theory  are  that  (a)  no  mean  motion  resonances 
are  involved,  (b)  and  (c)  the  eccentricities  and  inclinations  of  the  objects  in 
the  system  are  small  enough  so  that  a second-order  expansion  of  the  disturbing 
function  is  sufficient  to  describe  the  system  (Murray  and  Dermott  1999). 

3.  The  cross  sectional  area  per  orbit  is  spread  along  each  orbit  according  to  Ke- 
pler’s Second  Law. 

4.  The  three  dimensional  model  space  is  divided  into  millions  of  cells  and  SIMUL 
calculates  the  contribution  of  each  orbit  to  each  individual  cell. 

5.  A three  dimensional  cell  table  is  produced  which  contains  the  spatial  distribu- 
tion of  the  effective  cross  sectional  area  for  the  model  cloud. 

Then,  a Line  of  Sight  (LOS)  Integrator  allows  a model  to  be  viewed  as  it  would 
appear  to  an  Earth-based  observer  in  a given  wave  band  at  a specified  distance.  The 
brightness  along  the  line  of  sight  is  calculated  cissuming  the  particles  are  spheres 
of  a given  diameter  which  are  composed  of  astronomical  silicate,  and  the  optical 
properties  of  these  particles  are  obtained  using  an  advanced  Mie  theory  (Gustafson 
1994).  The  model  can  even  be  convolved  with  a beam  size  or  pixel  size  to  simulate 
how  an  observation  would  appear  to  a specific  telescope  or  space  observatory,  such 
as  CODE. 


APPENDIX  B 

OPTICAL  PROPERTIES  OF  DUST  PARTICLES 


The  brightesses  of  the  particles  in  the  dynamical  dust  models  in  this  thesis 
are  calculated  using  advanced  Mie  theory.  This  appendix  presents  the  basic  ideas 
behind  light  scattering  as  applied  to  circumstellar  disks  and  follows  the  presentation 
of  the  topic  as  outlined  by  Gustafson  (1994)  and  Leinert  and  Grun  (1990). 

There  are  two  types  of  radiation  that  are  important  to  studies  of  dust  grains 
in  the  zodiacal  cloud  and  other  optically  thin  circumstellar  disks;  scattering  and 
thermal  emission,  which  is  the  re-radiation  of  absorbed  stellar  energy.  In  the  case  of 
the  solar  system,  the  equilibrium  temperature  of  particles  in  a disk  can  be  obtained 
by  equating  expressions  for  the  absorption  and  emission  of  energy,  where  absorption 
appears  on  the  left  hand  side  of  the  following  equation  and  emission  appears  on  the 
right  hand  side 


and  Fq  is  the  stellar  irradiance  at  a heliocentric  distance  r,  A is  the  wavelength, 
s is  the  particle  radius,  B{T,X)  is  the  Planck  function,  and  Qabs  is  the  absorption 
elRciency.  There  are  several  efficiency  factors  that  need  to  be  considered  in  the 
brightness  calculations.  Qabs  is  the  absorption  efficiency  factor.  Q^xt  is  the  extinction 
efficiency  factor  and  Qaca  is  the  scattering  efficiency  factor.  These  Q factors  are 
related  to  each  other  in  the  following  manner 
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and  are  dependent  on  the  wavelength  of  radiation,  the  size  particle  under 
consideration,  the  refractive  index  of  the  grain,  which  is  in  turn  dependent  on  the 
composition  of  the  grain.  When  the  Q factors  are  plotted  against  the  quantity  x = 
27ts/A,  both  Qabs  and  Q^ca  approach  unity  as  x becomes  large,  but  Qext  approaches 
2.  (van  de  Hulst  1957). 
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